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Abstract 



An Ito formula is developed in a context consistent with the development of abstract existence and unique- 
' ness theorems for nonlinear stochastic partial differential equations, which are singular or degenerate. This is 

a generalization of an earlier Ito formula for Gelfand triples. After this, an existence theorem is presented for 
some singular and degenerate stochastic equations followed by a few examples. 
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! 1 Introduction 



The Ito formula describes F (X) where 

(N 

m ■ X{t) = Xa+ I (I) (s) ds + I ^dW 



{t) = X, + [ ^{s)ds+ f < 
Jo Jo 



in which the last term is an Ito integral and is a Wiener process. The above integral equation is the precise 
meaning for the stochastic differential equation 

dX = (jjdt + <i>dW, X (0) = Xq. 

There are various forms for the Ito formula depending on where X takes its values. When X has values in a 
separable Hilbert space and F is sufficiently smooth, the Ito formula takes the form 



Fit,X{t))^FiO,Xo)+ f Fx{-,Xi-))^dW+ 

Jo 
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Ft [s, X is)) + Fx (5, X (s)) <j){s)ds + ^j^ (Fxx (s, X {s)) $, ^) c,{qi/2u,h) 

In this formula, $ is a stochastically square integrable function having values in the Hilbert space of Hilbert 
Schmidt operators £2 {Q^^^U, 7J) where Q is a nonnegative self adjoint operator defined on a Hilbert space U. 
In addition, there is a version of the Ito formula in the context of a Gelfand triple of spaces 

V C H = H' CV' 

in which ^ ^ 

X{t)^Xo+ [ Y (s) ds+ [ Z (s) ds, (1) 



1 
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the equation holding in V for t £ [0,T] almost everywhere. In this case it is known that if for some p > 1 
X eLP {[0, T] X f7, F) n ([0, T]xn,H), Ye L^' ([0, T] x n, V) 

z eL^ ([o,T] X Q.,C2 (Q^'^u.nyj 

Then ^ ^ 

\X{t)\\^\X^\' + 2 {Y{s),X(s))ds + \\Z{s)\il^^Qy.^,,^ds + M{t) 

where M (t) is a local martingale defined as a stochastic integral, A4 (0) = 0. Thus, one can obtain the important 
estimate 




A discussion of this formula and its applications is found in 18^ it appears to be due to Krylov and is in Russian 
[13j . This is a much more difficult result. It is shown in this reference that this Ito formula is the fundamental idea 
in developing general existence and uniqueness theorems for nonlinear stochastic partial differential equations in 
the context of variational formulations involving Gelfand triples. The formula itself, without the stochastic terms, 
is fairly familiar to those who formulate partial differential equations in this way, but it is much more profound 
and difficult than the standard results for deterministic problems because the presence of the stochastic integral 
causes a loss of weak time derivatives. As is well known, the Wiener process is nowhere differentiable. There 
are other major technical difficulties related to the minimal assumption that Z £ ([0,r] x ^,£2 {Q^^^U, H^) . 
These considerations require the use of the Burkholder Davis Gundy inequality. 

For deterministic evolution equations, an interesting generalization was the step from evolution equations 

y' + Ay = f 

to implicit or degenerate evolution equations 

(By)' + Ay^f 

in which B is an operator which may vanish. Since B may fail to be one to one, it may be impossible to consider 
such an equation as an evolution equation. Instead it is called an implicit evolution equation or sometimes a 
degenerate evolution equation. It could also happen that B comes from some sort of differential operator and 
may even be a Riesz map or as a special case, the identity map on a Hilbert space in the context of a Gelfand 
triple. 

In the case of deterministic equations, this was a very natural generalization studied by many authors including 
Lions [TS], Brezis [5], Showalter [3], Bardos [T], [TU]. and many others. It led to interesting theorems including 
abstract existence and uniqueness results for partial differential equations of mixed type, simple ways to include 
systems of equations which involved coupling an elliptic equation with a parabolic equation, and more transparent 
treatments of equations like the porous media equation. If a good theory of implicit stochastic equations can be 
obtained, many of the same interesting applications will also have an extension to stochastic problems. The Ito 
formula discussed above is a way to do integration by parts arguments for stochastic evolution equations, and 
the version in this paper will provide similar justification of integration by parts procedures for degenerate or 
implicit stochastic equations. Thus many of the interesting deterministic examples of the last forty years which 
are in terms of degenerate or partial differential equations of mixed type will have generalizations to stochastic 
versions. 

In this paper, there will be a reflexive separable Banach space V and a separable Hilbert space W, such that 
V is dense in W. Thus it is possible to consider the following generalization of a Gelfand triple. 

V CW, W C V', 

The usual pivot space H is replaced with the pair W, W . It is also assumed 

BX (t) = BXo + [ Y{s)ds + B [ ZdW, (2) 
Jo Jo 
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where it is known that 

X eL" ([0, T] xn,v), Bx e ([0, T] x n,w') , Ye L"' ([0, T] X n, V) 
z eL^ ([o,r] X n,C2 (q^/2[/,h/)) 

In terms of stochastic differential equations it is formally written as 

d (BX) = Ydt + BZdW, BX (0) = BXo. 

It will be assumed B is a bounded nonnegative self adjoint operator which maps W to W. The case that B is 
not one to one is included. Then the Ito formula gives the justification for integration by parts manipulations 
commonly used in the study of evolution equations. 

It is necessary to have the stochastic part of [2] to vanish in case -6 = 0, since otherwise, you might obtain an 
Ito integral equal to a deterministic integral. However, the Ito integral will likely be nowhere differentiable, due 
to this property which is possessed by the Wiener process, [23], [221 but the deterministic integral will have a 
derivative a.e. Thus the above formula for BX (t) is a reasonable generalization of the case of evolution equations 

HI 

When the formula for this more general situation is obtained, the more standard result like one obtained in 
[18] the context of a Gelfand triple is recovered by letting W = H and B = I. 

To begin with, the paper considers some preliminary results and then the proof of the Ito formula is presented. 
The techniques generalize those used in [TB] to the situation where V C W, W C V' instead of the more usual 
Gelfand triple. All spaces will be assumed real and separable in the paper. Furthermore, there is the usual 
filtration determined from increments of the Wiener process with respect to which all martingale considerations 
are defined. This filtration is denoted by Tt and it is assumed to be a normal filtration [18] so that each Tt is 
complete and Tt-ir — Hs^tJ's — J't- 

In Section [2] we give a brief discussion of background results. In Section [3] we give a fundamental equation 
which will serve as the basis for the proof of the Ito formula. In Section |4] a remarkable estimate is obtained along 
with some other assertions. Section [5] is devoted to obtaining a technical simplification. It is this which allows us 
to consider the most general initial conditions. Section |S] has the main result of the paper. 

2 Preliminary results 

The entire presentation is based on the following fundamental lemma [9]. 
Lemma 1 Let $ : [0, T] x — > i?, be B ([0, T]) x measurable and suppose 

$ e X = LP{[0,T] xQ;E), p>l 
Then there exists a sequence of nested partitions, Vk ^ 'Pk+i, 

such that the step functions given by 

^lit) ^ J2'^{t^)x^,._,,.){t) 

$i(t) EE J2'^{t^_,)X^,._^^,.^it) 

i=i 

both converge to ^ in K as k ^ oo and 

lim max { Irf - tj'+i I : j G {0, • • • , rrife}} = 0. 

Also, each $ (tj^ ,$ (^^-i) in (Q]E). One can also assume that $(0) — 0. The mesh points {tj}"]^^ can 
be chosen to miss a given set of measure zero. 
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There is also a known result on quadratic variation which we use later. [S] 

Theorem 2 Let H be a Hilbert space and suppose {M,J-t) ,t £ [0,r] is a uniformly bounded continuous martin- 
gale with values in H. Also let {t^}™^^ be a sequence of partitions satisfying 

Jini^max{|tr -^r+il = O,--- ,™„} = 0, K!KL"i C K^^I^T ■ 

Then 

rrin —1 

[M] (t) = hm J2 tk+i) - M {t 

the limit taking place in I? (fJ) . In case M is just a continuous local martingale, the above limit happens in 
probability. 

In order to deal with the possibly degenerate operator B, we have the following interesting generalization of 
standard material involving inner products. 

Lemma 3 Suppose V, W are separable Banach spaces, W also a Hilbert space such that V is dense in W and 
B eC{W, W) satisfies 

{Bx, x) > 0, {Bx, y) = {By, x),B ^0. 
Then there exists a countable set {ci} of vectors in V such that 

{Bei,ej) = Sij 

and for each x £ W, 

oo 

and also 

oo 

Bx — {Bx, Ci) Bci, 

i=l 

the series converging in W . 

Proof: Let {gk}'^^i be linearly independent vectors of V whose span is dense in V. This is possible because 
V is separable. Let ni be the first index such that {Bg^, gm) 7^ 0. 
Claim: If there is no such index, then B — 0. 
Proof of claim: First note that if {Bg,g) = 0, then 

\{Bg,x)\<\{Bg,g)\'/'\{Bx,x)\'/' = 

and so Bg — 0. Therefore, if x is given, you could take x^ in the span of {51, • • • , gk} such that ||a:fe — x\\^^ 0. 
Then 

\{Bx,y)\^ lim \{Bxk,y)\< lim {Bxk,Xk)'^^ {By,y)'^^ = 

because Bxk is zero, being the sum of scalars times Bgi for finitely many i. Since y is arbitrary, this shows 
Bx = 0. 

Thus assume there is such a first index. Let 

ei 



{Bgm,gm)^^^ 

Then {Bei, ei) = 1. Now if you have constructed Cj for j < k, 

Cj e span(g„i,--- ,g„J, {Bei,ej) =5ij, 

5nj+i being the first for which 

{Bgn,+, - ^{Bg,,^^^,ei) Be^,gn^+, -'^{Bgnj,e^) eA 7^0, 

\ 1=1 i=l / 
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and 

span (5i„^ , • • • ,5„J =span(ei,--- ,ek), 
let Qrik+i be such that gnfc+i is the first in the hst {9nj}^i such that 

Ik k \ 

\ 1=1 1=1 / 

Claim: If there is no such first guk+u then S (span (e^, • • • , Cfe)) = BW so in this case, {Bet}'^^^ is actually a 
basis for BW. 

Proof: Let x G W . Let G span (51, • ■ • , ffr) if > nk such that lini,._>.oo 2:^ = a: in W^. Then 

k r 

Xr c\ei + ^ d[.gi = + (3) 

i=l i^{ni,--- ,nfc} 

If ^ ^ {ni, • ■ • , nfe} , then by the construction and the above assumption, for some j < k 

(.Bgi - ^{Bgi,e,) Bei,gi ~^{Bgi,e,) aj =0 

\ 1=1 i=l / 

The reasoning is as follows, li I < k and if the above is nonzero for all j < k, then I would have been chosen but 
it wasn't. Thus in this case that I < k, there exists j such that 

j 

Bgi = ^ {Bgi,ei) Bci 
1=1 

If / > rifc, then by assumption, the above is never nonzero for j — k. Thus, in any case, it follows that for each 
I ^ {ni, ■■■ ,nk}, 

Bgi e B (span(ej, • • • ,efe)) . 

Now it follows from [3] that 

k r 

Bxr = ^c[Se, + d^Bg, 

i=l j^{rii:--- ,rifc} 

k r k 

i=l i<^{ni,--- ,nk} J = l 

and so Bxr G B (span (e^, ■ • • , ek)) ■ Then Bx = lim^-i-oo Bxr — linv-i-oo Byr where yr G span (e^, ■ • ■ , e^). Say 

fc 

Bxr — a\Bei 
1=1 

It follows easily that {Bxr, ej) = a^. (Act on ej by both sides and use {Bci, Cj) — 5ij.) Now since Xr is bounded, 

it follows that these are also bounded. Hence, defining yr = z2i=i '^l^i^ it follows that yr is bounded in 
span(ei,--- ,ek) and so, there exists a subsequence, still denoted by r such that yr y € span(ei,-- - ,6^). 
Therefore, Bx = lim^^oo Byr = By. In other words, BW — B (span (e^, • • • , 6^)) as claimed. This proves the 
claim. 

If this happens, the process being described stops. You have found what is desired which has only finitely 
many vectors involved. 

As long as the process does not stop, let 

Sk+l 



B (sru+i - ELi {Bgnk+^,e^) Ci) ,5„,^i - X;Li (■B5nfc+i,ej) 



1/2 
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Thus, as in the usual argument for the Gram Schmidt process, {Bci, ej) — Sij for i, j < k. 
Consider 



(4) 



If p is never one of the n^, then there exists k such that p G (rife, Uk+i) so 2] equals 0. li p — Uk for some k, then 
from the construction, (7,^. = gp £ span (ei, • • • , Cfe) and therefore, 



5p 



which requires easily that 



^9p = X! {Bgp,ei)Be^, 



and ID equals 0, the above holding for all k large enough. It follows that for any x £ span {{gk}^=i) , (finite linear 
combination of vectors in {gk}k.=i)- 



because for all k large enough. 



Bx = {Bx, Ci) Bci 

i=l 

k 

Bx = {Bx, Ci) Bei 



Also note that for such x G span {{gk}'kLi) i 

/ k \ k 

{Bx,x) = ( {Bx, ej) Bei,x / = {Bx, e^) {Bx, e^) 

\i=l / i=l 

A; 00 

= Y.\^Bx,e,)\' = Y^\{Bx,e,)\' 

i=l i=l 

Now for X arbitrary, let Xk ^ x mW where Xk G span ({(jH:}^-^) . Then by Fatou's lemma. 



(5) 



y^\{Bx,e,)\^ < hm inf V|(Ba:,,e,)|' 



= lim inf {Bxk,Xk) — (Bx^x) 
< \\Bx\\^,\\xC<\\B\\\\x\\l. 
Thus the series on the left converges. Then also, from the above inequality, 



^ {Bx,e^)Be^,y 



<j2\{Bx,e.)\\{Be„y)\ 



< 



1/2 / ^ \ 1/2 

\i=P 

< \J2\{Bx,e,)f] ij2\{By,e.)n 



q 



(6) 



l—p 
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1/2 



1/2 



1/2 



, l — p 



It follows that 



< \ Y,\{Bx,e,)f] (||i?||||y||^) < \^\{Bx,e,)\ 

oo 

{Bx, Ci) Bci 



\Bf^'\\y 



(7) 



converges in W because it was just shown that 



j2{Bx,e,)Be 



1/2 



< ij2\{Bx,e,)n \\B 



1 1/2 



W 



and so the partial sums of the series [7] constitute a Cauchy sequence in W' . Also, the above estimate shows that 

/ oo \ 1/2 



{Bx, Ci) Bct 



<{Y,\{Bx,e,)n \\B 



,1/2 



(8) 



Now for x arbitrary, let Xk G span and — > x in W. Then for a fixed k large enough, 



Bx — {Bx, Ci) Be, 



i=l 



< \\Bx^Bxk\ 



Bxk - ^ {BxkjCi) Bet 



i=l 



+ 



{Bxk,e^) Bei - ^ (Ba;, Ci) Be^ 



i=l 



i=l 



< e 



^ (B (xfc -x),ei)Bet 



i=l 



the middle term equaling by [5] From |8] and El 



1/2 



< e+\\B\\'/'\^J{B{x,~x),e,)\'j 

< s+\\Bf/^{B{xk~x),Xk-x}'^^ <2e 
whenever k is large enough. Therefore, 

oo 

Bx = {Bx, ei) Bei 

i=l 

in W . It follows that 

(k \ k oo 

"S^ {Bx,ei) Bei,x) — VmY "S^ \ {Bx,ei)^ = 'S^ \ {Bx,ei)\^ ■ 
^ — ' / fc-i-oo ^ — ' ^ — ' 

i=l I i=l i=l 

The details of the definition of the stochastic integral are in [18],[6]. For completeness, here is a short summary. 
Consider the following diagram in which J is a one to one Hilbert Schmidt operator and Q is a nonnegative and 
self adjoint operator defined on the Hilbert space U. 

U 



w 
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The idea is to define <i>dW where $ e ([o, T] x n; £2 {Q^^^U, W)),C2 {Q^'^U, W) being the Hilbert Schmidt 
operators mapping Q^I^U to W and J a Hilbert Schmidt operator. Here W (t) is the process 

00 

i=l 

where the ipi (t) are real, independent Wiener processes. It is a Qi Wiener process on Ui for Qi = J J*. To get 
^dW, $ o was approximated by a sequence of elementary functions, {<&«} , adapted step functions having 
finitely many values in £ (C/i, W) . Then the stochastic integral was defined in the usual way. For 

m— 1 

*n (t) = X! 'l'i'^lti,U+i) (t) ) 0i being measurable, 

i=0 

„t rn-l 



/ -^ndw =y^4>^{W{t^u+l)~w{t^ti)) 

Then it is shown that this sequence of processes converges in (f2, W) and 



^dW = lim / $„dVr 







It can be shown that this integral /J ^dW satisfies the Ito isometry and is independent of the choice of Ui and J. 

In all that follows, Q will be a nonnegative self adjoint operator defined on a separable Hilbert space U. Also 
Z will be progressively measurable and in L"^ ([0, T] x fi, £2 {Q^^^U, W)) while J : Q^^^U — !• C/i will be a one to 
one Hilbert Schmidt operator. 

Now here is a technical result which will be needed. This is a technical application of the above description of 
the stochastic integral. 

Theorem 4 Let Z be progressively measurable and in 

([o,r] X o,£2 (q^/^u,w 



Also suppose P is progressively measurable and in ([0,r] x f2, W'). Let {^^ }™^'q be a sequence of partitions of 
the sort in Lemma [7] such that if 

rrin — l 

Pr.it) ^ J2 P{f^)X[t^,t^^^){t)^Pl{t) 
j=0 

then Pn P in L^ ([0, T] x i7, W) . Then the expression 

j:{pit7)J zdw) (9) 



3=0 



is a local martingale which can be written as a stochastic integral in the form 



f {Z o J-^Y Plo JdW 
Jq 



Proof: Note that P„ is right continuous and progressively measurable. Thus one can define the stopping time 

TP^M{t:\\PAt)\\^>p}, 

the first hitting time of an open set. We need the formula in IH] as a stochastic integral. First note that W has 
values in Ui. 
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Consider one of the terms of the sum more simply as 



l^P (a) , J ZdWj , a^tlAt, 6 = tl^^ A t. 

Then from the definition of the integral, let be a sequence of elementary functions converging to Z o in 
L2 ([a, b] X n, C2 {JQ^I^U, W)) and 



/ ZdW - I 



ZndW 



Using a maximal inequality and the fact that the two integrals are martingales along with the Borel Cantelli 
lemma, there exists a set of measure N such that for u ^ N, the convergence of a suitable subsequence of these 
integrals, still denoted by n, is uniform for t G [a, b]. It follows that for such w. 



P (a) , ^ Zdw"^ = lirn (^P (a) , ^ Z^dW 



(10) 



Say 



nin — l 



k=0 



where ZJ^ has finitely many values in C {Ui,W)q , the restrictions of maps in C{Ui,W) to JQ^^^U, and the q 
refer to a partition of [a, b] . Then the product on the right in [10] is of the form 



rrtji — 1 



^ (P (a) , Z^ {W {t A t^+i) -Wit A tl)))^, 



w 



k=0 



Note that it makes sense because Z^' is the restriction to J (Q^/^J7) of a map from Ui to VF. Thus the above 
equals 

nin — 1 

= £ (P(a),Z,"(T4^(<At^+0-W^(^A4')))w',VF 

fe=0 



= £ <(Zn*P(a),(Ty(iAffcVi)-W^(iAt^)))^, 

rrin — 1 

= £ {Zir P (a) (ly A 4Vi) - A t^)) 



(7i 



fc=0 



Z:P(a)dW^ 
Note that the restriction of (Z„)* P (a) is in 

Recall also that the space on the left is dense in the one on the right. Now let {gi] be an orthonormal basis for 
Q^^^U, so that {Jgi} is an orthonormal basis for JQ^/^U. Then 

00 

^ I ((Z„)* P (a) - (Z o J-i)* P (a)) iJg,) 

i=l 

00 

= 5^|(P(a),(Z„-ZoJ-i) (j^^)^|2 

i=l 
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< £||P(a)f ||(Z„-ZoJ-i)(Jg,)| 



= ||P(a)f ||Z„ - Zo J-i| 



When integrated over [a, b] x il, it is given that this converges to as n ^> oo, assuming that \\P {a)\\ G L°° (ft) , 
which is assumed for now. It foUows that 

Z:P{a)-^{ZoJ-'yP{a) 
in L"^ {[a,b] x ^,£2 (JQ^/^C/,M)) . Writing this differently, it says 

Z o J-i)* P (a) oj)o J-i in ([a, b] x Q, £2 (jQ^^^U, 



ZIP {a)- 

It foUows from the definition of the integral that the Ito integrals converge. Therefore, 



(^P{a),J ZdW^ = j {Z o J-^y P{a) o JdW 



The term on the right is a martingale. 

Next it is necessary to drop the assumption that ||P(a)|| £ (il). This involves the above stopping time. 
From localization. 



P(a), 



ZdW ) = 



A'jq^„P o * P (a) o JdW 



(Z o J-^y P{a) o JdW 



Then it follows that, using the stopping time. 



J2 {p{t])J zdw)^ / {zoj-^yp^ojdw 

J=0 \ Jt'JAtAT^ I Jo 



where P^ is the step function 



m 71 — 1 
fc=0 



Thus the given sum equals the local martingale 

ft 



(ZoJ-^) Pi oJdW. 



The original formula does not depend on J and so the same is true of this last expression although it does 
not look like it. The unaesthetic appearance of the above integral can be improved, but such an effort is of no 
significance in what follows. 

The next question is whether the above stochastic integral converges as n 00 in some sense to an integral 



[Z o J-^Y P o JdW. 



(11) 



The problem is that the integrand is not known to be in ([0, T] x Vt; C2 {Q^^'^U, R)) . It would be useful to 
define a stopping time 

r„ =inf{i: ||P(t)||^, >n} (12) 

because then, you could localize and define the integral in [11] as a local martingale. However, to do this would 
require the stopping time to make sense. It is not known that P is continuous or even right continuous. Therefore, 
we need other assumptions. 
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Lemma 5 Suppose t ^ P (t) is weakly continuous into W for a.e. lo and that P is adapted. Then Tn described 
in \12\ is well defined. It also satisfies lini„_j.oo t„ ~ oo. 



C 



Proof: Let O = {y GW : \\y\\^n > n} . Then the complement of O is a closed convex set. It follows that O 
is also weakly closed. Hence O must be weakly open. Now t ^ P (t) is adapted as a function mapping into the 
topological space consisting of W with the weak topology. Hence r„ is the first hitting time of an open set by 
a continuous process, so t„ is a stopping time. Also, by the assumption that t ^ P (t) is weakly continuous, it 
follows from the uniform boundedness theorem that ||-P(i)|| is bounded on [0,T] . Hence for a.e. w, t„ = oo for 
all n large enough. ■ 

It follows that it is possible to define the stochastic integral of [TT] as a local martingale when t — P (t) is 
weakly continuous. In the derivation which follows, the computations will pertain to such a weakly continuous 
process. 

It remains to consider the convergence of a suitable subsequence of 



/ (zoj-^yp^ojdw 

Jo 



to the integral of [TTJ The desired result follows. The proof is similar to that given in TS^ for a similar situation 
in the context of a Gelfand triple. 

Lemma 6 In the above context, let P (s) — Pi (s) = Ak (s) . Let 



Z eL^ ([a, b] X n, C2 (^JQ^''^U, W 



and let P E {[0,T] x Q,,W') with both P and Z progressively measurable. Also suppose t ^ P [t) is weakly 
continuous. Then the integral 

(Z o J-^Y P o JdW 





exists as a local martingale and the following limit is valid for a suitable subsequence, still denoted by k 



lim P 

k^QO 



That is, 



sup 

te[o,T] 



sup 

te[o,T] 



(Z o J-^Y ^ko JdW 



(Z o J-^Y Ako JdW 



> e 



0. 



converges to in probability. 

Proof: The existence of the integral was dealt with earlier. Let k denote a subsequence for which for a.e. w, 

Pti-,U;)^P{;^) 

in LP ([0, T] , W) and also {t, u) ^ P {t, oj) for a.e. t. This is done as follows. 

1 



P P.-P 



LP{0,T,W 



A 



I P' — PII rip 

rfc ^\\lp{o,t,w') 



and the integral on the right is small provided k is large. Therefore, there exists a subsequence still called k such 
that 



P PL 



P 



\LP{0,T,W') 

Then this satisfies the desired conditions. 

From the assumption of weak continuity, there exists for a.e. uj a constant, C (w) such that 

sup \\P{t)\\<C{u:). 
te[o,T] 
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For the first part of the argument, assume that C (w) is independent of a; off a set of measure zero. Let {e;} be 
an orthonormal basis of vectors in W. Thus R (ci) is an orthonormal basis of vectors in W where R is the Riesz 
map. Hence 

oo oo oo 

P = ^ (P, i? (e,))^.' R (e.) = (^"'^' ^^)w^ (e^) = E R (e.) 

oo 

n 

^„P = ^(P,e,)i?(eO 

(Zo Afc o JdW > e j 



It follows that 



Let 



P 



sup 

te[o,T] 



< P 



sup 

te[o,T] 



P 



P 



sup 

te[o,T] 



sup 

te[o,T] 



I {ZoJ-^)*{I-Tr,,)PloJdW 
Jo 



> e/3 
> £/3 



> e/3 



(13) 



(14) 



Using the Burkholder Davis Gundy inequality on [T3] along with the description of the quadratic variation given 
above, 



P 



sup 

te[o,T 



< 



[ {Z O J-^y {I ~TT^)P O JdW 

Jo 

- /" sup [ (Zo J-i)*(/-7r„)Po Jdiy 
e Jo te[o,T] Jo 



< 



3C 



1/2 



|Zf |l(/-7r„)Pf dtdP 



SI JO 



This integral converges to as n ^ c» by the assumption that P is bounded along with the dominated convergence 
theorem applied to the finite measure \\Z\\'^ dtdP. Letting > be given, choose n large enough that the above 
term is less than rj. From now on, use this n. Thus [T51 < rj. 

Next consider [T31 By the Burkholder Davis Gundy inequality again. 



P 



sup 

te[o,T] 



< 



/ (Zo J-i)*(/-7r„)P^o Jdiy 
Jo 

- /" sup [ (Zo J-i)*(/-7r„)PfeO JdVF 
£ Jn te[o,T] Jo 

-¥ l(^£\\Z\f\\{I~^n)Pifdt^ dP 
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< 



1/2 



SI Jo 



\zf ||(/-^„)F^|| dtdP 



Next, 



||Zf ||(/-7r„)P^|| dtdP 



o Jo 



< I I \\zf\\Pl-P\\^dtdP- 
n Jo 



\\Zf\\{I-Tr,,)PfdtdP 



n Jo 



Now 



3C 

^ \JnJo 



\\zf\\{I^n,,)PfdtdP] <rj 



1/2 



and so[TS]is dominated by 



Therefore, [13] can be estimated as follows. 



P 



sup 

te[o,T] 



{Z O J-^y {I ^ TTn) Pi O JdW 



> e/3 

\ 1/2 



< 



(15) 



It follows that 



3C / /^y 



1/2 



1/2 



sup 

te[o,Tl 



> 



< 2?7 



3C 



1/2 



SI Jo 



p 



sup 

te[o,T] 



> e/3 



By weak continuity, 

n 

lim 7r„ (P (s) - P^ (s)) = lim V (P (s) - P^ (s) , e,) R (e,) =0 a.e 



It follows that 



lim 



SI Jo 



|^„(P(s)-Pl(s))||^, \\Z{s)\\l^ dsdP = 



because you can apply the dominated convergence theorem with respect to the measure \\Z{s)\\ dsdP along with 
the assumption that ||P(i)|| is bounded independent of oj. 
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Therefore, it follows that 



lim P 

k^oo 



sup 
te[o,T] 



/ (Z O J-^Y TTnAk O JdW 

Jo 



> e/3 



0. 



Here is why. By the Burkholder Davis Gundy theorem, and the description of the quadratic variation of a 
stochastic integral, 

/ sup / {ZoJ-'^)*1TnAkOjdW dP 

inte[o,T] JO 

< C \\n„{P{s)-PUs))\\l,\\Zmlds^ dP 

< \',n{P{.S)~Pi{.S))f^,\\Z{s)f^^dsdp\ 



which converges to as fc — > oo. 

If k is large enough, this implies 



P 



sup 
te[o,T] 



JO 



z o j-^X i^ko jdw 



> e 



|2 



<Sv+^lJ \\zf\\{Pl-P)fdtdP 



The last integral also converges to because of the assumption that P, hence is bounded, and the dominated 
convergence theorem. Thus 



lim sup 
*;^°°te[o,T] 



/ {Z o J-y' Ak o JdW 
Jo 



in probability. 



Now to finish the argument, define the stopping time 

T™ = inf{i>0: ||P(i)|| >m}. 
As discussed earher, this is a valid stopping time by the weak continuity of < — )■ P (t). Then 

X- - {xiy- 

still converges pointwise to as fc — >■ oo. Let A^"" = (P (s) — Pf, (s))^"* 
Now consider 

/■* 

Ake 



sup 
te[o,T] 



Ak o JdW 



Then 



P(Afc,n[r„ = oo]) <P 



Jo 

J\z o J-'^y Al'" o JdW >e j 



sup 
te[o,T] 



which converges to as A: — > cxd by the first part of the argument. This is because 



and IIP'"'" II are both 



bounded by m uniformly off a set of measure zero. Now Ake can be partitioned in the following way. 

Ake = ^m=lAke n {[Tm = Oo] \ [t„_i < Oo]) 

Thus 

OO 

P {Ake) {Ake n {[Tm = Oo] \ [t„_i < Oo])) 
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and P (Ake H ([r„j = oo] \ [Tm-i < oo])) < P (([r™ = cxo] \ [Tm-i < oo])) which is summable, since the sets are 
disjoint. Hence one can apply the dominated convergence theorem and conclude that 

oo 

lim P {Ake) = V lim P (Ake n ([r„ ^ oo]\ [t™_i < oo])) = 0. ■ 

A;— >cxD ^ — ^ k—yoo 

The notation used in the above is inelegant. In fact it is more attractive to write this in the form 

(ZoJ-^)*PoJdW^ f PdM 







where M (t) — ZdW. However, this is of no importance in what follows, and written in the above inelegant 
form, assertions about the quadratic variation are possibly more obvious. 

3 The Integral Equation 

For a set of measure zero iVo and lj ^ Nq, 

P (t) = BXq + [ Y{s)ds + B [ Z{s) dW (s) , (16) 

for all t. Let X be progressively measurable into V such that for a set of measure zero S C [0,r] and t ^ S, 

BXit) ^ P{t) for a.e.uj. 
The exceptional set in the above may depend on t. In short, for all t ^ S, 

BX (t) = BXq + [ Y{s)ds + B [ Z (s) dW (s) a.e. w, (17) 
Jo Jo 

the exceptional set possibly depending on t. 

Also assume that Xq G (Q; W) and is To measurable, where Z is £2 {Q^^^U, W) progressively measurable 
and 

\\^\\L-^([o,T]xnx2{Q^^^u,w)) < °°- 

This is what is needed to define the stochastic integral in the above formula. 
X, Y satisfy 

X e if = LP ([0, T] X 17; V") n ([0, T] x VL,W) ,Y <^ K' = PP' ([0, T] x 17; V') 

where 1/p' + 1/p = 1, p > 1, and X, Y are progressively measurable into V and V respectively. 

Also, by enlarging Nq if necessary, one can assume that off Nq, the stochastic integral in [16] is continuous into 
W' and F (•, w) G i'' (0, T, V') so that the deterministic integral in this equation is also continuous as a function 
with values in V', also that t ^ X {t,Lj) e (0,T, V) for uj ^ Nq. From now on, let A'o be so enlarged. 

The goal is to prove the following Ito formula for P {t) defined as the right side of [TCI 

{P (t) , X (t)) = {BXo,Xo) + f {2{Y (s) , X (s)) + {BZ, Z)^J ds 



f {ZoJ-^)*PoJdW (18) 
"'0 



The most significant feature of the last term is that it is a local martingale. The term {BZ, Z) will be discussed 

later. In the stochastic integral, {Z o J^^)* P o J has values in £2 (Q^^^C/, M) and so it makes sense to consider 
this stochastic integral. 

The argument for the Ito formula will be based on a formula which follows in the next lemma. 
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Lemma 7 In the situation of the above integral equation, the following formula holds for a.e. uj for < s < t, 
where s,t ^ S where M (t) = Z (u) dW (u) which has values in W. In the following, (•, •) denotes the duality 
pairing between V,V'. 

{BX it),X{t)) = {BX {s),Xis)) + 



Then 



It follows that 



+2 J (Y (u) , X (t)) du + {B (M (t) - M (s)) , M (t) - M (s)) 

- {B {X (t) -X{s)- {M (t) - M (s))) ,X{t)-X (s) - (M {t) - M (s))) 

+ 2{BX{s),M{t)-M{s)) (19) 

Also fort>0 

{BX (t) , X {t)) = {BXo, Xo)+2 [ {Y (u) , X (t)) du + 2 {BXq, M {t)) + 

{BM {t) , M (i)) - {B {X {t) -Xo-M (t)) ,X{t)-Xo-M (i)) (20) 
Proof: Prom the formula which is assumed to hold, 

BX{t) = BXo+ I Y{u)du + BM{t) 
Jo 

BX{s) = BXo+ [ Y{u)du + BM{s) 
Jo 

BM{t)-BM{s)+ I Y{u)du = BX{t)-BX{s) 

J s 

{B (M (t) - M (s)) , M (t) - M (s)) - 
{B {X it) -X{s)- {M (t) - M (s))) ,X{t)-X {s) - (M {t) - M {s))) 
+2{BX {s) , M (t) - M (s)) 

= {B (M {t) - M (s)) ,M{t)-M (s)) - {B {X {t) - X {s)) ,X{t)-X (s)) 
+2 {B {X (t) - X (s)) ,M{t)-M (s)) 

- {B (M (t) - M (s)) ,M{t)-M (s)) + 2 {BX (s) ,M{t)-M (s)) 
Some terms cancel and this yields 

= -{B{X (t) - X (s)) ,X{t)-X (s)) + 2 {BX (t) , M (t) - M (s)) 

= -{B{X it) - X (s)) ,X{t)-X is)) +2{B{M {t) - M (s)) , X {t)) 

= -{B{Xit)-X{s)),X{t)-X{s)) 

+2 (^B {X {t) - X (s)) - ^ Y{u) du, X {t)^ 

= -{BX{t),X{t))-{BX(s).X{s)) 
+2 {BX [t) , X [s)) + 2 {BX it) , X [t)) 

-2 {BX (s) , X (t)) -2 1 {Y(u),X (t)) du 



ft 

{BX {t) , X {t)) - {BX (s) , X (s)) -2 1 {Y{u),X (t)) du 
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Therefore, 



{BX {t),X{t))-{BX{s),X{s)) 

(Y (u) , X (t)) du + (B (M (t) - M (s)) , M (t) - M (s)) 



- {B {X (t) -X{s)- {M (t) - M (s))) ,X{t)-X {s) ~ (M (t) - M (s))) 

+2{BX{s),M{t)-M{s)) 

The case with Xq is similar. ■ 

The following lemma is what will be used. It says that you can replace BX (t) in Lemma [7] with P (t) for all 
w off a set of measure zero. This just involves substituting P {t) for BX (t) in the above formula since these are 
equal. 

Lemma 8 For given t, s, s < t, s^t ^ S*, the following holds for a.e. lj 

{Pit),X{t)) = {Pis),X{s)} + 

{Y (u) , X (<)) du + {B {M (t) - M (s)) , M (t) - M (s)) 

- ((P it) -P{s)-B (M (t) - M {s))) ,X{t)-X (s) ~ {M (t) - M {s})) 

+ 2{P is) , M {t) - M (s)) (21) 

and for y €W, 

\{Pit),y)\<{Pit),Xit))'^'{By,y)'^' (22) 

Let {Pk} denote a sequence of nested partitions of [0, T] which satisfy the conditions needed in Lemma[T]and 
also for X'j,,Xl described there, 

XlXl ~^XmK = LP ([0, T] x Q; V) 

Each Pk contains no points of S. In what follows N will be a set of measure zero which includes Nq. Each t ^ Pk 
has the property that BX (t) = P (i) a.e., that is for oj € Nt a. set of measure zero. Let N also include the set of 
measure zero 

Uk U{Nt:te Pk} 
Hence for each tePk, BX (t) = P (t) for all uj ^ N. Let 

V = UkPk- 

Thus V is dense in [0, T]. Since BX (t) = P (t) a.e. w for t ^ S, it follows that as fc — > oo, 

Pi = BXl, P'k = BXl both converge to P in ([0, T] x f7, W') 

For convenience, we only consider those points of Pk which are less than T. These are the ones which are used 
in the left step functions. 



4 The Main Estimate 

The following estimate holds and it is this estimate which is the main idea in proving the Ito formula. The last 
assertion about continuity is like the well known result that if y e (0, T; V) and y' G (0, T; V') , then y is 
actually continuous with values in _ff , for V, V' a Gelfand triple. 
In all that follows {e;} will be the vectors of Lemma [31 

oo 

Y.{BX {t),e,f = {BX (t),X{t)) 

i=l 
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Lemma 9 In the situation of Section \^ 



i? sup {P{t),X{t)) 
\tev 

< c{\\Y\\j,,,\\X\\j,A\Z\\jA\{BXo,Xo)h.^^^) (23) 

where T> is a dense subset of [0, T] , such that for t G T>. BX (t) = P (t) a.e. lo where 

J = L'([{),T]-Kn-C2(Q^'^U-Wy),K = LP{[Q,T]x^;V), 

K' = L'P' {[0,T] X n;V') , 

the a algebra being the progressively measurable sets. C is a continuous function of its arguments and C (0, 0, 0, 0) = 
0. Also, for a.e. lu, 

sup V (P (t) , Ckf <C(uj)<oo (24) 
«e[o,T] ^ 

For t £ T>, then for all lu ^ N, a set of measure zero, 

{P it) , X (t)) = {BX (t) , X it)) < C (w) < oo, (25) 



/ C{uj)dP < oo. 



When each of \\Y\\j^, ,\\X\\j^ ,\\Z\\j ,\\{BXa, Xo)\\]^i(^Q^ equal zero, C (uj) can be taken to be also. For a.e. lu, 
t ^ P {t) is weakly continuous into W' . In addition to this, P is progressively measurable into W . 

Proof: For tj > 0,X (tj) is just the value of X at tj but when t — 0, the definition of X (0) in this step 
function is X (0) = 0. Consider the formula in Lemma [S] This is applied to Vk to obtain 



{P{tm),X{t^))-{BXo,Xo)^2Y, / {Y{u),X];{u))du+ 

3 = 1 •''^ 



m-1 / ^t^._^i \ 

+2^/p(t,),y^ Z{u)dW 



rn— 1 

- {B {M - M {t,)) , M (t,+i) - M {t,)) 



- 5] (P - P it,) - B {M (t,+i) - M (t,)) , 

i=i 

X - X (t,) - {M (t,+i) - M (t,))) 

+2 ^ ' (r (u) , X (ti)) du + 2 (bXq, j^' Z{u) dW^ + {BM (ti) , M (ti)) 

- (P (ti) - BXo ~ BM {ti),X (ti) ~Xo~M (ti)) (26) 
First consider the terms near to the end of the above expression, 

2 j\Y{u),X (ti)) du + 2 (bXq, j^' Z(u) dW^ + {BM (ti) , M (ti)) 
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Each term of the above converges to for a.e. w as fc — oo and in (Q) if a suitable subsequence is used. This 
follows right away for the second two terms from the Ito isometry and continuity properties of the stochastic 
integral. Consider the first term. This term is dominated by 



< C {oj) (^J^^ \\Y {u)\f dv}j , CH< 



By assumption, and Holder's inequality, the top expression converges to in (17). Hence there is a further 
subsequence for which it converges pointwise. 

At this time, not much is known about the last term in 1261 but it is negative and is about to be neglected 
anyway. The reason it is negative is that it equals 

- {B {X ih) -Xo- M ih)) , X (ii) -Xo- M ih)) 

The term involving the stochastic integral equals 



2Y./p{t,),J^'^'z{u)dW 



By Theorem m this equals 

2 /" " {Z o J-^y Plo JdW 

Also note that since {BM [ti) , M [ti)) converges to in [Vl) and for a.e. cj, the sum involving 

{B (M - M {tj}) , M (t,+i) - M (tj)) 

can be started at rather than 1 at the expense of adding in a term which converges to a.e. and in 
ThusUHlis of the form 

(P (t™) , X (t„0) - {BXo,Xo) = e(k) + 2 r {Y (u) , XI {u)) du+ 

Jo 

+2 / {z o j-^y o jdw 

Ja 

m — l 



-Y.{B{X - X it,) - [M - M (t,))) , 

X {t,+,) - X it,) - (M - M (t,))) 

- (P (ti) - BXo - BM iti),X (ii) -Xo-M (ti)) (27) 

where e (fc) — > for a.e. uj and also in ( fl). 

By definition, M (tj+i) ~ M [tj] = ZdW. Now it follows, on discarding the negative terms, 

(P (t™) , X (trn)) - {BXo,Xo) <eik) + 2 f"\Y (u) , X^ (u)) du+ 

Jo 

+2 (ZoJ-i) PloJdW+22\B ZdW, ZdW) 

Jo \ Jt, Jt:j I 
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Thus also 



{P{t^),X{t„,))-{BX„,Xo)<e{k) + 2 / \{Y{u),X^^{u))\du+ 



ZdWj 



+2 {Z o J-^y P^o JdW +^ [B ZdW, 
■^0 j=o \ ■'^^ 



The next task is to somehow take the expectation of both sides. The difficulty in doing this is that the 
stochastic integral is only a local martingale. Let 

T^=mi{t:{Pi{t),Xi {t))>p] 

By right continuity of Pj. and X^, this is a well defined stopping time. Then you obtain the above inequality 
stopped with Tp. Take the expectation and use the Ito isometry to obtain 



sup (P(t,„ ATp),X(i„ ATp)) ) 
< E{{BX,,Xo))+2\\Y\\j,,\\Xj:\\j, 

+ \\B\\ E / / \\Z{u)\fdPdu 



sup 

n \ tG[0,T] 



<C + E{\e{k)\) + 2 



(zoj-^y (piY" ojdw 



dP + E{\e{k)\ 



I sup /* {Z o J-i)* {pf^Y' o JdW I 
ye[o,T] Jo J 



dP 



(28) 



where the result of Lemma[T]that X^, converges to X in shows the term 2 H-'^fcll^ is bounded. Note 

that the constant C can be assumed to be a continuous function of 



\Y\\j,,,\\X\\j,,\\Z\\j,\\{BXo,Xo)h. 



in) 



which equals zero when all are equal to zero. (We can assume that < 2 ||X||^ by taking a suitable 

subsequence of the Pk if necessary.) The term involving the stochastic integral is next. 

Let M {t) = (Z o J^i)* [PlY'' o JdW. Then from the description of the quadratic variation, 



d[M]^ {zoj-y^piY'oj 



ds 



Applying the Burkholdcr Davis Gundy inequality, for F [r) — r in that stochastic integral. 



(sup f\zoj-y{piy'oj\ 

\te[o,T] Jo / 



< C 



n \Jo 



[Z o J-^ {Piy o J 



dP 

\ 1/2 
ds I dP 



(29) 



So let {gi} be an orthonormal basis for Q^^^U and consider the integrand in the above. 

5: (((z o j-i)* (pty^) (J (5,))) = E ((ptr ^ z (a. 



i=l 



i=l 



Fromf 



< E ((^^)^^ W') (^^ (.9.) ' ^ (.90) 



i=l 
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< (^^sup^ ({piy (t^) , {xiy^ (t„o)) iiBii \\z\\ 

It follows that the integral in [29] is dominated by 

1/2 



C snp {{PtY^{t^),{XlY^{t„,)) \\B\\'/'i \\Z\\l 
Jn tmeVk ^ ' \Jo' 



In t^eVk 

Now return to 1281 From what was just shown, 



1/2 

ds I dP 



e( sup {{Pty^t^),{xiy{tr.)) 



<C + £;(|e(fc)|) + 2 



( sup /* {Z o J-i)* {PlY" o JdW ] 
\te[o,T] Jo J 



dP 



c+c I sup {{pty''it„.),{xiy''{t„,)y^'\\B\\ 

+E{\e{k)\) 

< c+^E^^ sup^ ({Pty^ (i™) , {xiY" (t„o)) 

+ ^ll^ll£=([0,TlxO,£.)+^^(|e(fc)l)- 

is ( sup ({Piy"{t^),{xiy''it^))) <C + Ei\eik)\) 
Now let j> — ?' oo and use the monotone convergence theorem to obtain 

sup {Pl{trn),Xl{t^))) = e( sup {PiUn),X{t^)) 

< C + E{\e{k)\) 

The monotone convergence theorem applies because Tp merely restricts the values tm G Pk which can be considered 
in the above supremum. As mentioned above, this constant C is a continuous function of 

Ili^ll^'JI^Ilif, 11^11,7, II(S^0,^0)|Il 

and equals zero when all of these quantities equal 0. Also, for each e > 0, 



1 1/2 



1/2 



Z\\c. ds dP 



It follows that 



E sup (P (t„0 , X (t„)) ] <C + e 

whenever k is large enough. 

Let T) denote the union of all the Vk- Thus I? is a dense subset of [0,T] and by the monotone convergence 
theorem, it has just been shown, since the Vk are nested, that for a constant C dependent only on the above 
quantities, 



Since £ > is arbitrary. 



E { sup {P (t) , X (t)) ] <C + e. 
\tev 



E sup {P (t) , X (t)) U= £; sup {BX (t) , X (<)> < C 



This establishes dSl Now it follows right away that 



sup {P (t) , X (t)) = sup {BX (t) , X (t)) < C (w) < cx) a.e. w 



(30) 
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where C = J^C (w) dP. 

The function t — ;> X]fe°=i i-P (^) > ^a)^ is obviously lower semicontinuous on [0, T]. This is because t ^ P (t) is 
continuous into V . Now also for t e I? and uj ^ N, a. fixed set of measure zero which is defined in terms of 2?, 

oo oo 

{P (t) , X (t)) = {BX (t) ,Xit))=J2 {BX (t) , euf =J2{P (t) , e,f 

k=l k=l 

and so, for t G 2? this infinite sum equals {P {t) , X (t)) , and it was just shown that sup^g^ {P {t) , X {t}) < C (w). 
Hence, if t is arbitrary and tn ^ t for tn G 2?, it follows from Fatou's lemma that 



(P (t) , efc)' < lim inf V (P (i„) , efc)' = lim inf (P (i„) , X (i„)) < C H 



Ti—^OO 

k^l k=l 



oo 

E 

and so 

oo oo 

sup^(P(t),efc)'= sup ^(P(0,efc)' <CH 

This establishes [Ml 

Finally, consider the claim about weak continuity of P (t) . From the above estimate, [30l 

sup\\BXit)\\^, <Ciu:). 

t£T> 

Now let t e [0,T] . Then there exists a sequence i„ -> i where G 2?. Then for uj ^ N, BX (t„) is bounded in 
W'. But also PX (tn) equals P (t„) for all w off a single set of measure zero, the one which came from T>, and so 
from the definition of P (t) , 

P (tn) ^ P (t) in 

and also P is bounded in W' . Therefore, there is a subsequence such that P (/;„) ^> C weakly in W'. It follows 
P{t) ^ C and ||P(i)llw" ^ C'(w). Thus t ^ P (t) is continuous into and bounded in W. If t„ t, then if 
P (tn) fails to converge weakly to P (t) in VF', there would exist a subsequence still called t„ such that P (t„) 
converges weakly in W' to C ^ P (i). However, P (t„) — s> P (t) in V' and so C = P (0 after all. 

For uj ^ N the set of measure zero off which the above computations were considered which came from the 
points of V, it was just shown that P{t,uj) G W. Also, the formula for P {t,u!) implies that this function is 
progressively measurable into V. Therefore, 

{t,iu) -> (P(t,w),w) 
is progressively measurable if -y G V. Thus also, ii uj ^ N, and w„ — > u> G VF, 

{P{t,Uj),Vn) ^ {P{t,Uj),w). 

Since each J^t is assumed to be complete, this shows from the Pettis theorem that {t, — s> P {t, u) is progressively 
measurable. ■ 

Recall that for a.e. t, P {t, uj) = BX {t, u) for a.e. w. Also BX is obviously progressively measurable because 
X is. However, it is not clear that t BX (t) is continuous into W for all t G [0, T] off a set of measure zero. In 
a sense, P (<, w) is filling in the missing values of t retaining both progressive measurability and continuity in t. 

Consider the case where B = I and W — H so that the situation is that of a Gelfand triple, V Q H = H' QV' . 
Then in this case, P {t) = X (t) and the vectors {efe} reduce to an orthonormal basis for H such that each G V . 
Then the above sum 

^ (P [t) , e,f =Y,{X (t) , e,f = \\X ml = (P (t) , X (t)) . 

k k 

Thus the main estimate in the above lemma would imply 

eI sup wxmi] <c. 



This is the estimate in this special case which is found in [T5]. In this special case, this is also the thing which 
will be of use in the study of variational formulations for stochastic equations. However, in the case considered 
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here in which there is a possibly degenerate operator B, it is not clear that (^(0 i^fe)^ ~ {Pit) (0) fo^' 
all t. The vectors {e^} are not necessarily an orthonormal basis for W . 

If there is interest in a more general conclusion which avoids the explicit reference to T), one can do the 
following. Let {fi] be an orthonormal basis for {BW)^ in W' . Then consider the function 



F(t)^£(P(i),efe)V^(P(t),/,; 



fc=l i 

From the above lemma, t P (t) is weakly continuous into W' . Therefore, F (t) is lower semicontinuous for each 
w off a single set of measure zero. It follows that for such w, 

sup F {t) = sup F [t) 
te[o,T] tG© 

For t e V recall that BX (t) = P (t) and so for such t, 

OO 

fe=i 

and this holds for all u off a single set of measure zero, depending on T>. Therefore, for such uj and the above 
lemma. 



It follows that 



sup F (t) = sup F (t) ^ snp {P (t) , X (t)) < C (lo) , / C{Lo)dP <oo. 
te[Q,T] tev tev Jn 

eI sup F (t)] < C < OO 

\tG[0,T] / 

For any particular t ^ S, we know that BX (t) = P (t) a.e. lu. Hence 

OO 

Therefore, for that t ^ S, 

E {{P {t) , X (t))) =E{F (t)) <Ei sup F{t)] < C < OO 

\te[o,T] / 

Corollary 10 for C in the above lemma, and for any t ^ S, 

E{{P{t),X{t)))<C. 

5 A Simplification Of The Formula 

This lemma also provides a way to simplifv [27l First suppose G (f2, V) so that X — G ([0, T] x il, y). 
Refer to [571 One term there is 

(P (ti) - PXo - BM (ti) , X (ti) -Xo-M (ti)} 

It equals 

(B (X (ii) - - A/ (ti)) , X (ti) -Xo-M (ti)) 

<2{B{X (ti) -Xo),X (ti) -Xo)+2 {BM (t^) , M (ii)) 

= 2 (P - BXo,X (ti) - Xo) + 2 (PAf (ti) , M (ti)) 

It was observed above that 2 (PAf (ti) , M (ti)) — a.e. and also in {ft) as fc — >■ oo. Apply the above lemma 
for X replaced with X (t) = X (t) — Xq and denote the resulting P (t) by P (t) . The new Xq equals 0. Also use 
[0,ti] instead of [0,r] . Thus the above reduces with this new X to 

2 (P (ti) , X (ti)) + 2 {BM (ti) , M (ti)) 
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From the above lemma, 

E{{P{t,),X{t,)))<c(\\Y\\^,^,\\X\\^^^,\\Z\\j^^) 

where in the definitions of K, K', J, replace [0, T] with [0, t] and let the resulting spaces be denoted by Kt, K[, Jt- 
Therefore, this term converges to in (fl) as fc — oo. In addition to this, the term converges to pointwise 
for a.e. w after passing to a suitable subsequence. Thus we can enlarge e {k) and neglect the last term of [27l 
Then, it would follow from[27l 

(P (t„) , X {tm)) - {BXo,Xa) = e (A:) + 2 / " (y (u) , X'^ (u)) du+ 

Jq 



+2 [ [Z o J-'^y pIo JdW 
Jq 

m—l 

+ J2{B (M (t,+,) - M {tjj) , M - M (t,)> 



m—l 

- J2 i^P (h) - BAM it,) , AX (tj) ~ AM it,)) (31) 
where e (fc) — t- in (fl) and a.e. u and 

AX (t,) ^ X {t,+,) ^ X it,) , 

AM {tj ) being defined similarly. 

Can you obtain this equation even in case Xq is not assumed to be in (fi, V)? Let Xok G (fi, V) fl 
L2 {n, W) , Xok ^ Xo in L2 {fl, W) . 

{P{ti)-BXo,X{ti)-Xo)^^^ < {P{ti)-BXok,X{ti)-Xok)^^^ 

+ {B {Xok — Xq) , Xok — Xq)^^"^ 

Also, restoring the superscript to identify the partition, 

P (ij) - BXok = B{Xo- Xok) + r Y{s)ds + B r Z{s) dW. 

Jo Jo 

Of course \\X — XokHx bounded, but for each k it is finite. Let nk denote a subsequence of {k} such that 

\\X-Xok\\K., <l/fc- 
'i 

Then from the above Lemma [SI 

E{{P{t-,-)~BXok,X{tr)~Xok)) 
< C {\\y\\K'^^^ , 11^ - X^Ak,., . {B {Xo - Xok),Xo ~ XoOli(o)) 

< C" ( ll^llx^^^ : -j:^ , {B {Xo - Xok) ,Xo - -'^ofc)ii(n) 



Hence 



E{{P (i^^)-i?Xo,X(0-Xo)) 
<2E{{P {t'l") - BXok,X {t'l") - Xok)) + 2E{{B {Xok - Xo) , Xok - Xo)) 



< 2C 



(\\^\\k'„^ ' a?' "■^ '(B {Xo - Xok) ,Xo ~ Xok)Li(^Q-^ 



-2\\B\\ \\Xok-Xo\ 



L^{n,w) 
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which converges to as /c cx). It follows that there exists a suitable subsequence such that holds even in 
the case that Xq is only known to be in {Q, W). From now on, assume this subsequence for the partitions Vk- 
Thus k will really be and it suffices to consider the limit as fc — > oo of the equation of I3II To emphasize this 
point again, the reason for the above observations is to neglect 

(P (ii) - BXo - BM (ii) , X (ii) -Xo- M ih)) 

in passing to the limit as fc — !■ oo provided a suitable subsequence is used. 

In order to eventually obtain the Ito formulaUHl there is a technical result which will be needed. It was mostly 
proved in Lemma [6] 

Lemma 11 Let P (s) — Pj, (s) = (s) . Then the following limit occurs. 



lim P 



sup 

tG[0,T] 



[ {Z o J-^ Ako JdW 
Jo 



> e 



= 



The stochastic integral 



[ [Z o P o JdW 

Jo 



makes sense because BX — P is W' progressively measurable. Also, there exists a further subsequence, .still 
denoted as k such that 



t rt 
{Z o J-^Y Pi o JdW ^ 
Jo 



ZoJ-^) PoJdW 



uniformly on [0,T] for a.e. u. 



Proof: This follows from Lemma |6l The last conclusion follows from the usual use of the Borel Cantelli 
lemma, Ito formula, and the maximal inequalities for submartingales. It was shown in this lemma that 



lim P 



( sup / (Zo J-1)* Afc o JdT^ >e) 

\te[o,T] Jq j 







Thus, one can obtain the existence of a subsequence, still denoted as k such that 

ft 



P sup 
\te[o,T] 







and then uniform convergence is obtained for this subsequence off a set of meaure zero. I 

From now on, the sequence will either be this subsequence or a further subsequence. Also A'^ will be enlarged 
so that for a; ^ iV, the above uniform convergence of the stochastic integrals takes place in addition to the other 
items above. 

6 The Ito Formula 

The next lemma is the Ito formula for t ^ V, the dense subset consisting of all the mesh points of all partitions 
Vk- 

Proposition 12 Let Xq £ L^ (il; W) and be J-q measurable. There exists a dense subset of [0,T] denoted as V 
.such that for every t £ T>, 



{P (t) , X (t)) = {BXo,Xo) + {2{Y (s) , X (s)) + {BZ, Z)^J ds 



2 / {z o j-^y p o jdw 

10 



(32) 
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where in the above formula, 



for R the Riesz map from W to W . In addition to this, for all such t £T>, E {{BX (t) , X (t))) = 



E {{P (t) , X m = E {{BXo, Xo)) +E{ 2{Y{s),X (s)) + {BZ, Z) . ds 



(33) 



In addition to this, 



i? sup {P{t),X{t)) 
\tev 

< c{\\Y\\j,,,\\X\\j,,\\Z\\j,\\{BXo,Xo)h.^^^) (34) 
Note first that for {g.;} an orthonormal basis for Q^^^ (U) , 

{R-^BZ, Z)^^ EE J2 {R^'BZ {g,) , Z (.9,))^ = ^ {BZ (5,) , Z {gi})^,^ > 

i i 

Proof: Inequality [Ml follows from the earlier lemma. In the situation of [TBI let V be the union of the Vk 
described above as the union of all positive mesh points less than T for all the P/^.Then, since these Vk are nested, 
if t G 2?, then t G Vk for all k large enough. Consider [22 

{P {t) , X it)) - {BXo, Xo) ^e{k)+2 f {Y (u) , X^ (u)) du 

E 

j=0 



+2 / (Z o J-i)* Pi o JdW + V [M [tj+i) - M 



{t,)),M{t,+^)-M{t,)) 



(35) 



- {AP (tj) - ABM it,) , AX {tj) - AM (t,)) 

where tq^. — t, AX (tj) — X (tj+i) — X (tj) and e (fc) — ^ in probability. By Lemma [TT] the stochastic integral 
on the right converges uniformly to 

2 [ {Z o J-^y P o JdW 
Jo 

off a set of measure zero. The deterministic integral on the right converges to 



in (n) because X^. X in K. Then 



P 



< P 



< P 



1 

< - 
- A 



sup 

te[o,T] 



sup 

tG[0,T] Jo 



{Y {u),X{u))du 



{Y (u) , X (u)) du- (Y (u) , XI (u)) du 



> A 



\{Y {u),X{u)-Xl:{u))\du > A 



SI Jo 



\{Y{u),X{u)~Xl{u))\du> \ 



\Y (u)|| \\X (u) XI {u)\\ dudP < - IIFII^, ||X - XlWi, 



Since 1|^ — ^rl|j<- — > as fc -> 00, it follows that there is a further subsequence, Uk such that 



sup 
te[o,T] 



{Y{u),X{u))du- {Y{u),X:ju))du 



> 2-^ 



< 2" 
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To save notation, refer to the subsequence as k. Thus, for a suitable subsequence, 

lim / {Y (u) , Xj: (u)) du ^ [ {Y{u),X{u))du 



fc-^oojo JO 
uniformly off some set of measure zero. Consider the fourth term. It equals 



J2 {R^'B (M - M it,)) , M - M (t,))^ (36) 



where R is the Riesz map from W to W . This equals 

4 



1 

- J2 \\R-'BM it,+i) + M it,+,) - {R-'BM (t,) + M {t,))\ 



\\R-'BM - M (<,+i) - {R-'BM (tj) - M {t,)) \ 



From Theorem [21 as fc — >■ oo, the above converges in probability to (iq^, — t) 

i {[R-^BM + M] (t) - [R-^BM - M] (t)) 
However, from the well known description of the quadratic variation of a martingale, the above equals 



which equals 



-( [ \\R-^BZ + Z\\l ds- [ \\R-^BZ - Z\\l dt 

4 yj^ II ii£. II nc, 

[ {R-^BZ,Z)^ ds= I {BZ,Z)^^ds 
Jo ^ Jo ^ 



This is what was desired. 

Note that in the case of a Gelfand triple, when W = H = H', the term {BZ, Z) will end up reducing to 
nothing more than . 

Thus all the terms in [^converge in probability except for the last term which also must converge in probability 
because it equals the sum of terms which do. It remains to find what this last term converges to. Thus 

(P {t) , X (t)) - {BXo, Xo)=2 f (Y {u) , X (u)) du 

Jo 



-2 [ {Z o J-^y P o JdW + [ {BZ,Z)^^ds-a 
Jo Jo ^ 



where a is the limit in probability of the term 

J2 ( AP {t, ) - ABM it J ) , AX {t, ) - AM [t, ) ) (37) 

i=i 

Let 7r„ be the projection onto span(ei,--- ,e„) where {cfc} is a complete orthonormal basis for W with each 
e/c e y. Then using 

P (tj+i) - P (tj) - {BM (i,+i) - BM (t,)) = (s) ds, 

Jtj 

the troublesome term of [37] above is of the form 
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= / {Y{s),AX{t,)~7r^AM{tj))ds 



j=i " "-J 



which equals 



(38) 
(39) 



Since P (t) = i?X (t) for the t of interest in the above, the Cauchy Schwarz inequahty imphes the term of [39] is 
dominated by 

J2 (AP (t,) - ABM (t,) , [AX (t,) ~ AM (t,))) 



1/2 



^ I ( / - 7r„) AM (tj) , ( ^ - T^n) AAf (t,)) I 



(40) 



Now it is known that EjLi^ (Ai^ (^j) - ABM (tj) , (AX (t^) - AM {tj))) converges in probabihty to a > 0. If 
you take the expectation of the square of the other factor above, it is no larger than 



'qk-l 



\\B\\e\ J2 \\iI-7rn)AM{t 



-\\b\\e\ J2 



\b\\J2e 



( / - TT,,) / Z (S) dW (S) 



{ I - TTn) Z (S) dW (S) 



|( /-7r„)Z(s)||^^(Qi/2c/_H^) ds 



qk-i 

= \\b\\J2e 

< \\B\\e( r \\{I-n^)Z{s)\\ 



Letting {gi} be an orthonormal basis for Q^^^U, 



\B\\ I rY.\\{I-n,,)Z{s){gMwdsdP 
Jn Jo ,_i 



The integrand J2ili Wi ^ ~ ^ i^) i9i)\\w converges to 0. Also, it is dominated by 



J2\\Z{s) (ffOII^^II^II 



4=1 



(41) 



which is given to be in ([0, T] x il) . Therefore, from the dominated convergence theorem, the expression inHTl 
converges to as n — >■ c» independent of k. 
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Thus the expression in HHl is of the form fkQnk where fk converges in probabihty to a^^'^ as fc — > cxd and gnk 
converges in probabihty to as n ^ cxd independent of k. Now this imphes fkQnk converges in probabihty to 0. 
Here is why. 

P{[\fk9nk\>e]) < P{2d\fk\>e) + P{2Cs\gnk\>e) 



< P 2(5 



fk-a 



1/2 



+ 26 



,1/2 



>e +P{2Cs\gnk\>e) 



where S\fk\ + Cg \gkn\ > |/fcffnfc| and lim5_).o Cs — oo. Pick S sniaU enough that e — 2Sa^^^ > e/2. Then this is 
dominated by 



< P 25 



>e/2]+Pi2Cs\gnk\>e) 



Fix n large enough that the second term is less than 77 for all fc. Now taking fc large enough, the above is less than 
77. It follows the expression in 1401 and co nsequently in 1391 converges to in probability. 
Now consider the other term |3H1 using the n just determined. This term is of the form 

53 / (y (s) , XI (s) - X[ (s) ^„ {Ml is) - Ml (s)) ) ds 

3=1 
t 



{Y (s) , XI (s) - Xl is) - ^„ {Ml {s) - Mi {s)))ds 
where denotes the step function 

nif; — 1 



i=0 



with Ml defined similarly as a step function featuring the value of M at the left end of each interval. The term 

{Y {.s),7r„ {Ml is) -Ml is))) ds 

converges to for a.e. w as fc ^> 00 thanks to continuity oi t ^ M {t). However, more is needed than this. Define 
the stopping time 

rp = inf{t>0: \\M it)\\^ > p} . 



Then — > cxo a.e. uj. Let 



Ak 



{Y{s),7T^ {Ml is) -Ml is))) ds 



> e 



Now 



F(Afc)=^P(Afcn([rp = ^]\[Tp_i <^])) 
p=i 

P {Ak n i[Tp = 00] \ [rp_i < 00])) < P (Afe n ([Tp = 00])) 



(42) 



< P 



I {Y{s),nJ{M^'')lis)-{M^^)[{s))) 
ti 



ds 



> e 



This is no larger than an expression of the form 



Cn 

e 



n Jo 



\\Yis)\\y, {M^'')lis)-{M^^)iis) 



dsdP 



w 



(43) 



The inside integral converges to by continuity of M. Also, thanks to the stopping time, the inside integral is 
dominated by an expression of the form 

\\Yis)\\y,2pds 
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and this is a function in (fl) by assumption on Y. It follows that the integral in converges to as fc ^> cio 
by the dominated convergence theorem. Hence 

lim P(Afcn([Tp = oo]))-0. 

fc— >-oo 

Since the sets [r^ — oo] \ [Tp_i < oo] are disjoint, the snm of their probabihties is finite. Hence by the dominated 
convergence theorem apphed to the sum, 

oo 

lim P {Ak) = y lim P {Ak n ([r^ = oo] \ [Tp_i < oo])) = 

p=0 

Thus J^^ (Y (s) , TTn {M^ (s) — Ml (s))) ds converges to in probability as fc oo. 
Now consider the other part of this expression, 

f\Y{s),Xl{s)~XUs))ds. 

This converges to in (f2) because it is of the form 

/* {Y (s) , XI is)) ds - f (Y (s) , Xi is)) ds 
Jti Jti 

and both X\. and X^. converge to X in K . Therefore, the expression 

^ (AP {t,) - ABM it,) , AX (t,) - AM (t,)) 

converges to in probability. This establishes the desired formula for t £ V. 
To verify the last formula, let t £ V. Then t G Pk for some k. Define 

Tp ^ M {t e Pk ■■ \\p mw > P} 

This is just the first hitting time of an adapted process so this is a well defined stopping time. Then stop both 
sides of 132 Thus 

(P (t ATp),X{tA Tj,)) = {BXo, Xo) + (2 {Y (s) , X (s)) + {BZ, Z)^J ds 

Jo 

+2 / X[o,r,] {Z o J-^Y p-p O JdW 
Jo 

Now the last term is a martingale and you can take expectations of both sides. Then 

E{P{tA Tp) ,X{t/\ Tp)) = E {BXo, Xo)+E r " {2{Y {s) , X (s)) + {BZ, Z)^J ds 

Jo 

Then the integrands 

(P {tATp),X{tATp)) 

are uniformly integrable because 

(P {t ATp),X{tA Tp)) < sup (P {t) , X (t)) 

which was shown to be in (Jl) , [Ml Then apply the Vitali convergence theorem to the left and the dominated 
convergence theorem on the right to obtain the formula 

E (P (t) , X (t)) = E {BXo, Xo)+E f (2 (Y (s) , X (s)) + {BZ, Z)^J ds U 

Jo 
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Also we have the fohowing improved version of Lemma IH] in the case that the integral equation holds for all t 
off a set of measure zero. See [TB] for a similar special case involving a Gelfand triple and B = I. That is, for u 
off a set of measure zero, 

BX (t) = BXo + [ Y{s)ds + B [ Z (s) dW (s) 
Jo Jo 

for aU t e [0,r]. 

Lemma 13 In the above situation where, off a set of measure zero, |_?7[ the above integral equation holds for all 
t G [0,r], and X is progressively measurable into V , 

e( sup {BX{t),X{t))\ 

\te[o,T] 



< C[\\Y\\j,,,\\X\\^,\\Z\\j,\\{BX^,X^)\\^,^^^) <cx). 

where 

J = {[0,T]xn;C2{Q^^^U;W^yK = LP{[0,T]xn;V), 

K' = LP {[0,T] X n;V') . 

Also, C is a continuous function of its arguments and C (0, 0, 0, 0) = 0. Thus for a.e. u, 

sup {BX {t, uj), X {t, uj)) <C{uj) <oo. 
te[o,T] 

For a.e. a;,i — ?■ BX {t,uj) is weakly continuous with values in W' . Also t — > {BX (t) ,X (t)) is lower semicontin- 
uous. 

Proof of Lemma [131 In the situation of this lemma, P (t) = BX (t) for all t provided w is off a single set of 
measure zero. Thus, there is a countable dense set T) such that 



E (sup {BX {t),X{t))) = E{ sup V {BX {t),ekY 
\tev J Y^'^ k=i 



= i? sup^(F(t),efe)M 

< C (\\Y\\^,, \\X\\j,, \\Z\\j, \\{BX,,Xo)h.^,,)) <oo. (44) 



Now the function t — s> X^feLi i-P (^) j ^fc)^ clearly lower semicontinuous. This is because the partial sums are all 
continuous. Therefore, off the exceptional set, 

oo oo 

sup^(P(i),efc}'= sup ^(PW,efc)'=. sup {BX{t),X{t)) 

It follows that the desired estimates of Lemma [T3] are valid. ■ 

Proposition [T^] along with the fundamental estimate of Lemma [T3] can be used to prove the following version 
of the Ito formula. In proving this, we are considering the context of the integral equation [T7] holding for all t 
provided w is off a single set of measure zero. The proof of this theorem follows the same methods used for a 
similar result in |18| . 

Theorem 14 Suppose that off a set of measure zero, |_?7| holds for all t so that BX (t) = P (t). Then off a set of 
measure zero, for every t G [0,T] , 

{BX (t) , X (t)) = {BXo, Xo) + f {2{Y (s) , X (s)) + {BZ, Z)^J ds 
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+ 2 [ (Z o J-^y BX o JdW 
Jo 



Also 



E{{BX {t),X{t)))^ 

E {{BXo, Xo)) + ^ (2 {y (s) , X [s)) + {BZ, Z)^ J 
The quadratic variation of the stochastic integral is dominated by 



C 



\Z\\l^ \\BX\\l„ ds 



(45) 



(46) 



(47) 



for a suitable constant C . Also t — !> BX (t) is continuous into W . 

Proof: Let t ^ V. For t > 0, let t (k) denote the largest point of Vk which is less than t. Suppose t (m) < t{k). 
Hence m < k. Then 



pt{ni) nt{m) 

P {t (m)) = BXo + Y (s) ds + B Z (s) dW (s) , 

Jo Jo 



Thus for t> t (m) , 



P{t)-Pitim)) 



I Y{s)ds + B Z{s)dW{s) 

t(m) Jt{m) 



which is the same sort of thing studied so far except that it starts at t (m) rather than at and BXq = 0. 
Therefore, from Proposition [12] it follows 

{P{t{k))-P{t{m)),X{t{k))-Xit{m))) 

m 

(2 {Y (s) ,X(s)-X(t (m))} + {BZ, Z)^ J ds 

t(m) 



t{k) 



+ 2/ (ZoJ-1) {P{s)- P{t{m)))oJdW 



Consider that last term. It equals 



This is dominated by 



t(m) 



t{m) 



(ZoJ-1) {P{s)-Pl{s))oJdW 



(48) 



(49) 



t{k) 



{zoj-^y {p{s)~pl{s))ojdw 



t{m) 



< 4 sup 

te[o,T] 



{zoj-^y{p{s)^p!^As))oJdw 



{zoj-y {p{s)~pl{s))ojdw 



In Lemma [TT] the above expression was shown to converge to in probability. Therefore, by the usual appeal to 
the Borel Canteli lemma, there is a subsequence still referred to as {m} , such that the above expression converges 
to pointwise in uj for all lj off some set of measure as m — > oo. It follows there is a set of measure such that 
for UJ not in that set . converges to in R. Similar reasoning shows the first term in the non stochastic integral 
of US] is dominated by an expression of the form 



\{Y{s),X{s)-Xl{s))\ds 
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which clearly has a subscqiuaicc which converges to for co not in some set of measure zero because X!^ converges 
in to X. Finally, it is obvious that 



lim / {BZ,Z)p ds = for a.e. a; 

Jt{m) ' 

due to the assumptions on Z. For {gi} an orthonormal basis of Q^/^ {U) , 

{BZ,Z)^^ = Y.{R-'BZig,),Z{g,))=Y,{BZ{g,),Z{g,)) 

i i 

< \\B\\J^\\Z {gi)f^ G {0,T) 8..e. 

i 

This shows that for w off a set of measure 

lim (P {t {k)) -P{t (m)) , X {t (fc)) - X {t (m))) = (50) 



Then for x gW, 



and so 



|(P(t(fc))-P(t(m)),x)| 

< {P (t (k)) ~P{t (m)) ,X{t{k))-X{t {m))f'^ {Bx, xfl"" 

< {P [t (fc)) - P (t (m)) , X it (fc)) -X{t im)))'/' \\B\\'/' \\x\\^ 



hm \\P{t{k))-Pit{mm^,=0 



Recall t was arbitrary and {t (fc)} is a sequence converging to t. Then the above has shown that {P {t (A;))}^^ is 
a convergent sequence in W. Does it converge to P (t)? Let ^ (t) G W be what it converges to. Letting v € V 
then, since t ^ P [t) is continuous into y , 

{^{t),v)=\\m {P{t{k)),v) = (P{t),v), 

k—^OD 

and now, since V is dense in W, this implies ^ (t) = P{t). Thus P (f) = limfe^.oo P (i (A:)) . Next consider the 
product {P{t),X{t)). 
For every t gV, 

(P (t) , X (t)) = {BXo, Xo) + f (2 {Y [s) , X is)) + {BZ, Z) ds) ds 

Jo 

+ 2 [ {Z o J-^y P o JdW (51) 
Jo 

Does this formula hold for all t e [0,T]? 

\{p{t{k)),x{t{k)))-{p{t),xm 

< \{P{t{k)),Xitik)))-{P{t),Xitik)))\ 

+ \{p{t),x{t{k)))-{p{t),xm 
= \(p{t (fc)) -p{t),x{t {km + \{Pit),x {t (k)) - X m 

Since BX (t) = P (t) , the Cauchy Schwarz inequality implies that the above expression is dominated by 

< {Pitik))-P{t),X{tik))-X{t)f/' 

■ ({BX {t (fc)) , X {t {k))f^ + {BX (i) , X {t)f^) 
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Also, 

(P {t (fc)) -Pit),Xit (k)) - X it)) = {BX it) -P{t (k)) ,X{t)-X{t (fc))) 
= {BX (t) , X (t)) - {P (t) , X (t (fc))) - {P (t (k)) , X (t)) + {P (t (k)) , X (t (fc))) 
The expression above simplifies to 

{BX it) , X (t)) ^2{P{t),X [t (fc))) + {P {t (k)) , X (t (fc))) 

which is clearly lower semicontinuous in t due to the continuity of P (t) into V' and the equation 



{BX (t) ,X{t))^Y. (^) , e.)' = ^ (P it) , e,)' 



k=l k=l 

Summarizing the above, this has shown that 

I {P (t (k)) ,X{t{k)))-{P it) ,X{t))\<{P{t (k)) -P{t),X{t{k))-X (t))'/' 



[{BX {t (k)) , X {t (k)))'/' + {BX it) , X it))'/') (52) 

1/2 

and also that t ^ {P {t (fc)) — P {t) ,X {t (fc)) — X {t)) ' is lower semicontinuous. 
Consider the right side of the above. 

t^ {Pit ik)) - BX it) , X it (fc)) - X it)) 

Since {BX {t) , X (i)) = (P {t) , X (t)} is bounded, it follows that 

\{Pitik)),Xitik)))-{Pit),Xit))\ 
< C{Pitik))-Pit),Xitik))-Xit))"' 

From the above, the right side equals a lower semicontinuous function. Therefore, passing to a limit and using 
the lower semicontinuity, 

I (P it ik)),X it ik))) {P it) ,Xit))\<C (P it ik)) -Pit),Xitik))-X it))"' 

< Clim inf (P(t(fc))-P(t(TO)),X(t(fc))-X(i(m)))^/^ <e 

provided k is sufficiently large (by ISO)) . Since e is arbitrary, 

hm (P it ik)) , X it ik))) = {BX it) , X it)) . 

It follows that for oj off the set of measure zero N, the formula [21] is valid for all t. Now this formula shows that 
off a set of measure zero, t ^ {P {t) ,X (t)) is continuous. 

This implies that t ^ P {t) — BX (<) is continuous with values in W' . Here is why. The fact that the formula 
[5T] holds for all t implies that t — s> {BX {t) , X {t)) is continuous. Then for a; G VF, 

\{BX it) BX is) , x)\ < {B iX it) X is)) ,Xit)~X {s))'" ||Pf ||x||^ . (53) 

Also 

{B iX it)-Xis)),Xit)-Xis)) 
= {BX it) , X it)) + {BX is) , X is)) - 2 {BX {t) , X (s)) 

By weak continuity of t — 5- BX (<) shown earlier, 

lim {BX it) , X is)) = {BX is) , X (s)) . 

Therefore, 

lim {B iX it) - X is)) ,Xit)-X is)) = 
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and so the inequality [551 implies the continuity of t — > BX (t) into W . 

Now consider the claim about the expectation. Since the stochastic integral 

2 f {Z o J-^y P o JdW 
Jo 

is only a local martingale, it is necessary to employ a stopping time. Since t {BX (t) , X (t)) is continuous, one 
can define a stopping time 

Tp = M{t>0: {BX (t) , X (t)) > p} 

Then use the stopping time in both sides of and take the expectation. The stopped local martingale has 
expectation equal to 0. Thus 

E{{BX^-{t),X^-{t)))=E{{BXo,Xo)) 
+E (^J^ X[o,r,^ (2 {Y (s) , X (s)) + {BZ, Z)^J ds 

Next use the dominated convergence theorem on the right and the monotone convergence theorem on the left to 
let p oo and obtain the desired result. The claim about the quadratic variation follows from the description of 
the quadratic variation for a stochastic integral. 

Another interesting observation is that t — > BX (t) is continuous into W' . 

{BX (t) - BX (s) ,X{t)-X (s)) = {BX (t) , X (<)) + {BX (s) , X (s)) - 2 {BX (t) , X (s)) 

From the above formula, it is known that t — > {BX{t),X{t)) is continuous. It was also shown above that 
t — > BX (t) is weakly continuous into W . Therefore, you could let i ^ s and conclude that 

lim {BX {t) - BX (s) ,X{t)-X (s)} = 

It follows that for w €1 W, 

{BX {t) - BX (s) , w) < {BX (t) 
< {BX (<) 

and so 

\\BX{t)-BX{s)\\^, < {BX{t) 
which converges to as t — > s. ■ 

7 An application to evolution equations 

First we consider the case of a stochastic equation in a single Hilbert space. Here we give an example of how the 
Ito formula can be used to obtain theorems of existence and uniqueness. This begins with an introductory result 
on evolution equations in a single Hilbert space which is included for the sake of completeness. In what follows, 
H is a separable Hilbert space. It will be assumed that for each t,uj, 

u A{t, u, uj) 

is a mapping from H to H . Assume also that 

(t, M, Cj) — i> A (t, M, io) 

is progressively measurable. 

It is possible to assume only that u — A{t^ u, uj) is continuous and base the theory on this. It is more 
troublesome because you end up having to consider finite dimensional subspaces and it would distract attention 
from the issue of interest in this paper. Therefore, it will be assumed here that for each B (0,r) the restriction of 
A [t, •, uj) to B (0,r) is Lipschitz continuous. Thus 



- BX (s) ,X{t)-X {s)f''^ {Bw, w) ^1'^ 
-BX{s),X{i)-X{s)fl-'\\Bfl^\\w\\ 

-BX{s),X{t)-X{s)fl^\\Bf^ 



\A{t,u,uj) - A{t,V,lJ)\ < Kr\u- v\ 



(54) 
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whenever u,v E B (0,r). Also assume in addition to the above Lipschitz condition, the estimate, 

{A{t,u),u) > -k\u\^ -C. (55) 
where C e {[0,T] x Q) ,C > 0. It is also assumed that 

is given. It is routine to generalize this to the case where 4> depends on the unkown function u. 
Then under these conditions, we can prove the following theorem. 

Theorem 15 Let u ^ A {t,u,uj) be locally Lipschitz in the sense that for each B (0,r) , A restricted to B (0,r) 
is Lipschitz. Also suppose {t,u,Lu) — )■ A{t,u,Lu) is progressively measurable. Then if uq G L^{VL,H) with uq 
measurable in J-q, 

{A{t,u),u)>-k\uf-C, C>0, 

where C € L^ ([0, T] x fl) , it follows that there exists a progressively measurable function u and a set of measure 
zero N , such that for to ^ N, 

ft ft 

(56) 



u{t)-uo+ A {u) ds = / <^dW. 



Proof: Let P„ denote the projection onto B (0,9") and let u„ be the solution to 



Un,{t)-Uo+ / A{PnUn)ds 



<i>dW 



That a unique progressively measurable solution exists follows readily from showing that a high enough power of 
an operator is a contraction map, just as in the deterministic case. The solution holds for all t G [0, T] for uj off 
a set of measure zero. 
Next let 

r„ EE inf |t > : |u„ {t)f > 2"| 
Thus from localization as described in [IF and 



X[o,r„]<i>dW 



It is important to get an estimate now. From the standard Ito formula or Theorem [T4l letting F (u) = , then 
using the boundedness of m^" , 



11/"* /'* 

2 \K" {t)\^ - 2 l"ol^ + X[o^T„] {A «") , <") ds = ^"[0,^,. 

where M (t) is a local martingale with 

[M] {T)<c Tml, \<"\idt 

Jo 

Then from maximal estimates and Burkholder Davis Gundy inequality, 
P 



i$irds+ (t) 



sup 

te[o,T] 



2 _ 1 I,. |2 
~ 2 



> A 



j; A'[o,,„] {A «") , <") ds - j; X^o,r^] ||$f ds 

< \ [ sup{|Af(i)|,ie[0,T]}dP<a| / [M]{Tf'^dP 
Now from the description of the quadratic variation for stochastic integrals and using the stopping time, 

1/2 



< 



c 



dP 



C ($) 2"/2 
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The above holds for each n. Let A = (§)"• Then the above implies 
P 



sup 

te[o,T] 



i|<"(t)|^-iKl'-fc/oK"(s)|' 

-lomfds-J^Cds 



> 



2n/2 

<C($)^^<C($)(.96r 

By the Borel Cantelli lemma, it follows that there exists a set of measure zero N such that for co ^ N, all n 
large enough, say n> M (w) and t, 



mrds 



Cds < 



for such u) and n. 



l<"Wl'<2(|(0" + K|' + 2^' 



|$f + Cdsj +2k 
Apply Gronwall's inequality to conclude that for all t £ [0, T] , 



f\ul-{s)Y 
Jo 



ds 



,2kT 



If n is sufBciently large, the right side is smaller than 2" for all t G [0, T]. Thus for such oj and n, 

K (iAr„)|' <2" 

It follows that t < Tn for all t & [0, T] because if not, then you would have 

2" = |h„ (t„)|2 <2". 
Hence for all n large enough, t„ = oo. For n and a; as just described. 



Un {t)-Uo+ [ A (PnUn) ds = f $rfW. 

Jo Jo 



(57) 



Of course the problem here is that n depends on oj and we need a single function u. Suppose then that w ^ N 
and both m, n are so large that (w) = r„ (ui) = oo. Say n > m. Then 

Un{t)-UQ+ f A{PnU„)ds = [ ^dW 
Jo Jo 

Um {t)-Uo+ I A {PmUm) ds = f ^dW 

Jo Jo 

However, |u„ {t)\^ < 3", \um {t)\'^ < 3™ and so the P„u„ and PmUm equal u„ and Um respectively. Hence 

Un (t) -Um{t)+ A (u„) - A (Um) ds = 0. 
^0 



Furthermore, all the values of these two functions are in B (0,3"). Note that this is a deterministic integral, not 
one of those stochastic integrals. Therefore, by the local Lipschitz assumption, there exists a K such that 

\U„ {t) - Um {t)\ < \A{Un) - A{Um)\ds < K \u„ - Um\ ds 

Jo Jo 
and so, by Gronwall's inequality, (t) = Um (t) for that co. 
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Because of this, define for lu ^ N, 

u (t) = Un (t) where r„ (w) — oo. 
It was just shown that this is well defined. Also from[S71 it follows that 

u (t) -UQ+ [ A {u) ds ^ [ ^dW. 
Jo Jo 

This proves existence. 

It only remains to verify uniqueness. If v is another such solution, then taking the union of the two exceptional 
sets, it follows that for w not in this union, 

u{t)-v (t) + / {Au- Av) ds = 
Jo 

Thus, since both u and v are bounded, there is a Lipschitz constant K such that 

\u{t)-v{t)\< f \Au~Av\ds<K f \uit)~v{t)\dt 
Jo Jo 

and so, by Gronwall's inequality, u{t) — v (t). ■ 

Note that there is no monotonicity required on A in order to obtain existence. 

8 Multiple Spaces 

Next we consider the case of variational evolution equations in infinite dimensional spaces. Consider the case of a 
reflexive separable Banach space V and a Hilbert space W such that V CW with V dense in W. Thus W C V'. 
Suppose there exists a Hilbert space E which is dense in V. Thus 

ECV CW, W' CV' CE' (58) 

and let R : E ^ E' be the Riesz map. Let {t, u,uj) A (t, u, cj) where A {t, u, oj) e V' . Suppose 

{t,u,uj) A{t,u,uj) (59) 

is progressively measurable. Also assume the coercivity condition 

{Ait,u,Lu),u)>k\\ufy-Cit,u) (60) 

where C e ([0, T]xfl). Let V = LP ([0, T] x Q, V) and let V be its dual space Lp' ([0, T] x fl, V). We assume 
the operator A : V -?' V is type M [T5] . 

This is a more general condition than monotone and hemicontinuous. However, the question whether there 
exist meaningful examples which are type M on V which are not also monotone and hemicontinuous is being left 
open for now. We have no such examples. However, the type M condition is convenient to use and so this is why 
we make this theoretically more general assumption. 

Also let B : W ^ W be nonnegative and self adjoint. In all of the above, the a algebra will be the product 
measurable sets S([0,r]) x J't- Then we need some sort of continuity condition on u — >■ A{t,u,u!). In general, 
is suffices to assume this map is demicontinuous, possibly even less. However, here we will assume more for the 
sake of convenience. Assume 

u A{t, u, uj) is locally Lipschitz (61) 

as a map from E to E'. We note that this condition is often true in many applications of interest thanks to the 
Sobolev embedding theorem. One takes to be a suitable closed subspace of H'^ (U) for k sufficiently large. 

Also let $ e (([0, T] X fl) , £2 {JQ^^^U, W)) so we can consider J* ^dW, and it has values in the space W. 

Then the main result to be proved is Theorem [17] and its corollaries stated below. They give existence for a 
solution to the integral equation 



Bu (t) - Buo + f A (u) ds 
Jo 



t 

B^dW 
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in the sense that for a.e. u, the equation holds for aU t G [0, T] . 

This theorem is proved by using Theorem [TS] to obtain existence for a regularized problem. The Ito formula is 
then used to obtain estimates on these solutions. After this, weakly convergent subsequences are obtained which 
are then shown to converge to the desired solution through the use of the Ito formula presented above, along with 
the assumption that A is type M. 

Lemma 16 Let uq G L"^ {^,E) where q — max(p, 2). Also let R be the Riesz map from E to E'. Then there 
exists a solution to the integral equation 

u{t)-ua+ [ {B + eRY^ {A{u) + eR{u))ds= I [B + eR)'^ B'^dW + {B + sR)'^ j fds 
Jo Jo Jo 

in the sense that off a set of measure zero, the equation holds for all t. This solution satisfies the estimate 

11/"* 

-E {{B + eR) u{t),u {t)) - -E {{B + eR) uq, uq) + E / {Au, u) + e {Ru, u) ds 
2 2 Jo 

where TZ is the Riez map from W to W' . 

Proof: Let R be the Riesz map from E to E' . Then there exists an equivalent Hilbert space norm on E such 
that for fixed e > 0, the Riesz map is -B + eR. To simplify the notation, let 

A^ (m) = A{u) + eR{u) 

By Theorem I15[ for uq G {fl, E) with uq an J-'q measurable function, there exists a unique progressively 
measurable function u having values in E such that 

u{t)- uo+ [ (B + eR)'^ A,(u)ds= [ {B + eR)~^ B<^dW ^ {B + eR)~^ ( fds (62) 
Jo Jo Jo 

This is because the integrand is locally Lipschitz and it satisfies 

({B + eR)-' A, {t,u,uj),u^^ = {A, {t,u,io) ,u)y,y > C, \\u\\l + k \\u\\l - C {t,Lo) 

Multiplying through by {B + eR) , this shows that there exists a unique progressively measurable u which is the 
solution to 



/•r pz 

{B + eR)u{t)~{B + eR)uo+ / A,{u)ds= / B<!>dW + / fds (63) 

Jo Jo Jo 

That stochastic integral on the right equals 

{B + eR) [ {B + eR)-'' B<^dW 
Jo 

From now on, we use the usual norm on E and usual Riesz map R mapping E to E' . At this point, use the 
above implicit Ito formula [T4l on [62] to obtain 

1 1 r* 

-E {{B + eR) u{t),u (t)) - -E {{B + eR) uo,uo)+E / {A^u, u) ds 

2 2 Jq 

= \e {{B + eR){B + eR)~' B^,{B + eR)~' B<^^ds + E {f,u)ds 

^ ^E [ (r-'B<^>,{B + eR)-' B^) ds + E [ {f,u)ds (64) 
2 Jo ^ ' -^2 Jo 
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where the symbol £2 signifies £2 {Q^^^U.E). Letting {gi} be an orthonormal basis in Q^I'^U, 

{B + eR)-' ^ =Y^ {R-'B<i>g, , {B + sRy' B^g,) ^ 

= E (^'^'5,' (B + sR)-' ^ = ^ (s^,, [B + sR)-' B^9j)^, ^ 

Consider 

3 ' j 

= Y.{B'^93.{B + eR)-'B<^>g,^-^g^ (65) 



Bh,{B + eRr^ Bhj = (^{B + eR){B + eR)~'^ Bh,{B + eR)~^ Bh 
> Ib{B + eR)^^ Bh.,{B + eRy^ Bh 



Hence 



{Bh.hf'^ Ib{B + eR) ^Bh,{B + eR) ^ Bh)^^^ 



and so 



Therefore, 



> {B{B + eRy^ Bh,{B + eRy^ Bh) 
{Bh, hf'^ >(b{B + sR)~^ Bh, {B + eR)~^ Bh} ^'"^ 



Bh,{B + eR) " Bh) < {Bh,hY'UB{B + eR) "Bh,{B + eR) " Bh]^"^ 



< (Bh,h)^^^ {Bh,h)^^^ =^ (Bh,h) 



Therefore. 1651 is non positive. 

Return to EH The above has shown that 



l-E [ (R-^B^,{B + eR) ^ B$) ds 
2 Jo ^2 

= \E[i:{B^9UB + eR)-^B^g,)^^^ 

where TZ is the Riesz map from W to W , distinct from R the Riesz map from E to E' . Summarizing this, the 
following inequality has been established. 

1 1 /■* 

-E {{B + eR) u{t),u (t)) - -E {{B + eR) ua, u„) + E / {A,u,, u,) ds 

^ 2 ./n 



From now on, we will use a subscript of e on it because we are about to take limits as e — s- 0. From the 
coercivity condition [SDl the following inequality is obtained. 



E{{B + eR)u,{t),u,{t))+E f \\u,\\l. ds + eE f \\u,\\l ds < C {'S? , 

Jo Jo 



uoJ) + CE{{B + eR) uo,uo) 
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Since uq is in {Q,E) , the right side is bounded independent of i < T and e. In particular, for some constant 
C independent of e, 

E {Bu, (t) , u, (t)) 
is bounded independent of e. Therefore, if v E L'^ (il, W) , 



< C\\B\\'/^\\v\\^,,^^^. (67) 



\E{Bu,{t),v)\ < {E{Bu,{t),u,{t))f'{E{Bv,v)f'^ 

It foUows that there exists a subsequence still called e such that 

eRu, (<) ^ in [n, E') uniformly in t (68) 

Ue ^ u weakly in V 
eRue in 

where £' = L^' ([0, T] x Vl, E') 

Aue — > ^ weakly in V' 

This last convergence implies that 

/ Au^ds [ ids weakly in L^' { fl, V') 
Jq Jq 

From the integral equation and boundedness of A, it also follows that a further subsequence satisfies 

(^{B + sR) Ue -{B + eR) uq-B J^^ <PdW^ C weakly in £' 

where £' = L'^' ([0, T] x n, E') for q = max (p, 2) and as usual, + 1/g = 1. Thus 

C + e = / in £' 

However, both / and ^ are in V" so in fact Q E V also from the fact that £ is dense in V. Thus the equation 
actually holds in V'. 

Consider C,. Let g E L'^ {^,E) ,q = max(2,p) , and let t/j be infinitely differentiable and equal to near T. 
Then since Bug^ (0) = Buq a.e. w. 



^ J {C,^9)dPdt=\imJ^ J (^^{B + sR)ue-B J^\dW~{B + sR)u(^ ,iJjg'^dPdt 
Then usingEHland ito E {n, E), 

= -lhn^ J /({B + eR)ue-Bj^\dW-{B + eR) uo\ij'g\dPdt 



T r / / /•(■) \ \ 



hm J J yBu, - B J ^dW - Buoj , tp'gj dPdt 
= - Imi ^ ^ l^'Bg, Ue- J^^ 'i>dW - Uq^ dPdt 

= - [ [ (iJ/Bg,u- t\dW-uo)dPdt 
JO Jn \ Jo / 



(bu -B J^'' '^dW - Buq, ijj'g \ dPdt 
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Since g is arbitrary, this shows that C = (^Bu — B <^dW — Bu^j in £' . Also, it shows that, on integrating by 
parts, 

T ^ 

{C,tpg)dPdt^ I {Bu{0)- Buo,tp{0)g)dP+ 



Jn 



and so 



J (^^Bu- B J^\dW - Bui^ .i^^dPdt 
I {U^g)dPdt 

[ {Bu{0) - Buo,^ljiO)g}dP = 
Jo. 



which shows that in {Q., E') , you have 

Bu{0)^Buq. (69) 

By density considerations, this imphes the equation also holds in {Vl,W'). In particular, off a set of measure 
zero, for all i, 

/ Cds ^Bu[t)~B I ^dW - Buo 
Jo Jo 

Also froni[S51 and the above weak convergence in £' of 

r-(-) 



r(-) 

(B + eR) u^-{B + eR) uq - B <PdW 

Jo J 



Bue (t) Bu [t) weakly in L'^' (17, E') 
for each t. By[67l there is a further subsequence such that 

Bue [T) ^ Bu (T) weakly in (f7, W') 

Now if e e W, consider the functional defined on (il, W') which is given by 

u — 5- / {v, ef' dP 
Jn 

This is clearly convex and lower semicontinuous. Therefore, it is also weakly lower semicontinuous. It follows 
that 



liminf / {Bu,{T),efdP> [ {Bu{T),efdP 
^-^ojo Jn 



In Jn 
Letting {ci} be the vectors of Lemma [31 it follows from the above observation and Fatou's lemma, 

oo 

\im M E {Bu,{T) ,u,{T)) lim inf V S (Su^ (T) , e,)^ 

i=l 

oo 

> ^lim ini E{Bu,{T),e^f 

i=l 
oo 

> Y.E{Bu{T),e^f ^ E{Bu{T),u{T)) (70) 

As explained above, 

C + e = /inV' (71) 
It follows that there is a set of measure zero N such that for uj ^ N, 

C (t) + e it) = / it) a.e. t, 
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the equation holding in V . In addition to this, we have also obtained 

C = (bu - B - Buo] (72) 







Enlarging N if necessary, it follows that for uj ^ N, 

pt pt 

Bu (t) - Buo + Hs)ds= fds + B ^dW (73) 
Jo Jo Jq 

It follows, since A is progressively measurable, each A^u^ is progressively measurable and so an application of 
the Pettis theorem implies ^ is also progressively measurable. Therefore, we can apply the implicit Ito formula 
to the above integral equation of 1731 and obtain 

{Bu {t),u{t))~^E {Buo, ''o)+eJ^ , u) - ^ (B$, ds = (/, u) ds 

Thus, letting t = T, 

E {C,u)ds = J^ ^{B<f,^) + {f,u)ds + ^{Buo,uo)-lE{BuiT),u{T)) 

Recall the integral equation for the approximate solution, 

Bue (t) - Buo + [ A, (ue) ds = f B<i>dW + [ fds- eRu^ {t) + eRuo 
Jo Jo Jo 

and Lemma 1161 Using the result of this lemma, when t — T, 

^E {{B + eR) u, (T) , u, (T)) - ]^E {{B + eR) uo, uo) 

+E [ {A,u,,u,)~\{B^,^)ds^ I {f,u,)ds 
Jo ^ Jo 

Then, dropping the term {eRu^, u^) from A^, 

Ej {Aue,u,}ds <Ie [ {B<^>,^} + {f,u,)ds + lE{{B + eR)uo,uo) 
Jo ^ Jo ^ 

-\e{Bu, {T),u, (T)) 
Now take lim sup of both sides and use [70] to write 

\im sup (-l-E{Bu,{T),u,{T))) = -lim ini ^E {Bu, (T) ,u, (T)) 

e-i-O V ^ / '^^^ ^ 

< -^E{Bu{T),u{T)) 



Thus 



limsupE' / {Au,,u,)ds < ]-E ( {B<i>,<i>) + {f,u) ds 
e^o Jo 2 Jo 

+ ^E {Buo, uo) ~ ^E {Bu (T) , u (T)) 

= E [ {^, u) ds 
Jo 

Since A is assumed type M on V, it follows that ^ ~ Au. Then referring to [731 this has proved the following 
theorem which is the main result. 
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Theorem 17 Let the spaces E, V, W he as described in\E^ and suppose 

u A{t, u, uj) 

is locally Lipschitz as a map from E to E' , 

{t, u,uj) A {t, u, Lu) 

is progressively measurable. Also suppose that the map A : V ^ V' is type M where 

V = LP{[0,T] X n;V) 

with the a algebra equal to ;B([0,r]) x cind there is a coercivity condition 

{A{t,u,u),u)>k\\u\\l~C{t,u) 

where C ^ ([0, T] x ft) . Also let uo e L'' {ft, E) , uo being J-q measurable, where q — max {p, 2) and let / G V'. 
Then there exists a progressively measurable function w £ V which is a solution to the integral equation 

Bu{t)-Bua+ [ Au{s)ds^ [ fds + sf t e [0,T] 

Jo Jo Jq 

in the sense that the equation holds in V' for all uj ^ N where N is a set of measure zero. In terms of the weak 
derivative, this solution is of the form 



(^Bu- B J^\dW^ +Au 



f in V' 

Bu (0) = Bu^ in (VI, W) 
It is easy to generalize to assume only that wq G (fi, W) . 
Corollary 18 Let the spaces E,V,W be as described in\5^and suppose 

u ^ A{t, u, uj) 

is locally Lipschitz as a map from E to E' , 

(t, u,uj) ^ A (t, u, Lu) 

is progressively measurable. Also suppose that the map A : V ^ V' is type M where 

V = LP{[0,T] X n;V) 

with the a algebra equal to B{[0,T]) x and there is a coercivity condition 

{A{t,u,Lo),u)>k\\u\\l-C{t,Lo) 

where C € L^ ([0,7"] x ft) . Also let uq £ (fl, W) , uq being J-'q measurable, and let f £ V'. Then there exists a 
progressively measurable function it £ V which is a solution to the integral equation 

Bu{t)-Bua+ I Au{s)ds= [ fds + B ( <^dW, i£[0,r] 
Jo Jo Jo 

in the sense that the equation holds in V' for all uj ^ N where N is a set of measure zero. In terms of the weak 
derivative, this solution is of the form 



^Bu- B J^\dW^ +Au 



f in V' 

Bu (0) = Buo in L^ {fl, W) 
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Proof: Let u„ be the solution to the above theorem satisfying the integral equation 

Bw„ (t) - Buon + [ Au^ds ^ f fds + B f <^dW 
Jo Jo Jo 

as described there, where uon G L"^ and 

uon uo in (fi, W) . 

Then by the implicit Ito formula, 

1 1 /■* 

-E {BUn{t) ,Un{t)) - -E {Buon,Uon) + J {AUn,Un) 

-i(B<i>,$)ds = ^ {f,Un)ds (74) 
Then, as in the above argument, there is a subsequence, still denoted by n such that 

Un u weakly in V 
Aun — !> ^ weakly in V' 

{^u„ - Buon J^^ ^dW^ (^Bu -Buo~B J^^ ^dW^ in V' 

Bu (0) = Buo in L"^ {ft, W) 

As before, the integral equation implies 

Bu, (t) Bu (t) weakly in L«' {n,E') 
and there is a subsequence such that also 

Bun (T) Bu (T) weakly in (fl, W') (75) 

Then passing to a limit, 

Bu (t) -~Buo+ [ ^ds = [ fds + B [ (76) 
Jo Jo Jo 

By the implicit Ito formula, 

E [ {^,u)ds = E [ (/, u)ds + E [ - $) ds + -E {Buo, uq) - -E {Bu (t) , u (t)) 
Jo Jo Jo 2 2 2 

Then from [73] and [7S] along with similar arguments given in the above theorem, 

lim sup / {Aun,un) <^E{Buo,uo)-Ie{Bu{T),u{T)) 



/ i(B$,$)d.s+/ {f,u)ds^ [ {tu)ds 
Jo ^ Jo Jo 



and so = ^. With [751 this proves the corollary. ■ 

Note that there is no conclusion of uniqueness in the above theorem and corollary. 

One can make the assumptions on \B + A rather than A and get the same conclusions. Also, there is a 
uniqueness result available under an assumption of weak monotonicity. 
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Corollary 19 Suppose the situation of the above corollary but replace the coercivity, and type M conditions, with 
the following weaker conditions 

A {Bu, u) + {A {t, u,uj),u)y>S\\ufy~C {t, w) (77) 
for all A large enough where C ^ ([0,7"] x i7) . Also 

XB + A:V ^V' is type M 

Then the conclusion of Theorem \17\ is still valid. There exists a progressively measurable function u G V which is 
a solution to the integral equation 

Bu{t)-Bua+ I Au{s)ds= [ fds + B [ t € [0,T] (78) 

Jo Jo Ja 

in the sense that the equation holds in V' for all u ^ N where N is a set of measure zero. If the weak monotonicity 
condition 

{XBu + A {t, u, Lo) - {XBv + A (t, v,uj)),u~v) > 
is valid, then if u,v are two solutions to \ 78\ it follows that off a set of measure zero, Bu (t) = Bv (t) . 

Proof: Define by 

(^A {t,w,uj) ,v)y, y = {e-^*A{t,e^*w,uj) ,v)^,_^ 

Then 

A {Bu, u) + {Ax (t, u,uj),u)y> e"2^* (A {B (e^*u) , e^*it) + {A (<, e^*it, lo) , e^*u)) 
> e-2At (^5 ||eAtu||P _ c {t, ^)) > e'^^' {s ||e^*u||^ - e^P'e~^P'C (t, ^)) 

> e-'^'eP^' (6 Wufy - e~'P'C {t, u)) > ^ ||«||^ - (7 {t, co) 
which is of the right form. By Corollary [THl there exists a solution in V" to 

(^Bu - Be^^'--^ ^ <S>dW^ + XBu + Axu = e^^^' ^ + Xe^^'^'^B ^ $dW^ in V' 

Bu (0) = Buo in {n, W) 
Now let e^*u (t) — w (t). Writing in terms of w, 

Be~^'--^w ^ Be'^'--^ l'^\dw] + XBer^'-'^w + e-^'-'^ Aw 

»(■) 







It follows that 



e-A(.) 



= e"^( V + Ae^^f-^B / in V' 

Jo 

Bw (0) = Bua in (fl, W) 



.(■) 

+XBe-^''-^w + e-^^-^Aw = e-^^-'^f + Xe'^'--^B I <S>dW 







After cancelling terms and multiplying by e this yields 

= / in V' 



(^Bw - B J^\dW^ +Ai 
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along with the initial condition 

Bw (0) = Buo 

Then integrating, one obtains that for lu not in a suitable set of measure zero, 



Bw (t) - BuQ -B f <l>dW + [ Awds = f 
Jo Jo Jo 



fds 



Next suppose u, v are two solutions to the above integral equation as described above. Then off the union of 
the two exceptional sets, 

B {u (t) - V (t)) + Au- Avds = 
Jo 

and so by the implicit Ito formula, 

1 /■* 

- {Bu {t) -v{t), u (t) - V {t)) + {Au- All, u-v}ds = 

2 Jo 

and so from the monotonicity condition, 

- (Bu {t) -v{t),u{t)-v (i)) < A / {B{u-v) ,u-v)ds 
2 Jo 

Apply Gronwall's inequality. ■ 

There is an assumption that yl : V — > V' is type M. This is made because this is what will be used. Recall 
that monotone and hemicontinuous implies type M |20| . What are some easy to check conditions which will 
imply A is hemicontinuous on V? Make the following specific assumption involving an estimate. 

There exists c G [0, oo) and g ^ ([0, T] x O) which is B{[0,T]) x T measurable such that for all v e V,t G 
[0,T] 

\\A{t,v)\\y,<g{t) + c\\v\fy\ (79) 

Here 1/p+l/p' = 1. 

If limA^Q {A [t, u + Aw, to) ,w) — {A {t, u, uj) ,w) , then it will also follow that A is hemicontinuous on V. You 
need to verify that 

T n i-T 



lim / / {A{t,u + Xv,uj) ,w)dtdP ^ / / {A{t,u,uj) ,w) dtdP 
^^oJoJo JnJo 

for w,u,v G V. But this follows from the growth condition above, Vitali's convergence theorem, and showing that 
the integrand is uniformly integrable. Letting Q C il x [0,r] , 



{A{t,u + Xv,uj),w)\dtdP< I {\g{t,uj)\+c\\u + \v%^^ \\w\\ 



ydtdP 



< / ||.gf dtdP] / \\w\\'ydtdP 



/ /• \ 1/p 



+c 



Q J \JQ 

[J ||w + Awf dtdP^ " [J WwfydtdP^ 



which is small independent of A for |A| < 1 provided Q has sufhciently small measure. 

It would be very interesting to get interesting examples where \B + A is type M on V without being monotone 
for any A. It would also be interesting to obtain theorems which involve \B + A being type M on U (0, T, V) 
rather than V or on a suitable space of solutions. The difficulty in doing this latter problem is obtaining the 
appropriate measurability which seems to require the need for the solution to the non stochastic evolution problem 
to have a unique solution. Of course this is usually achieved by having some combination of the operators B,A 
being monotone. However, one can obtain more general conditions which do include the case of non monotone 
operators by using the theory presented here as a starting point and adding various nonlinear operators as compact 
perturbations. This will be explored later. 
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9 Some examples 

Here we give a few examples. The first is a standard example, the porous media equation, which is discussed well 
in [3D]. For stochastic versions of this example, see [H] and [TH]. The generalization to stochastic equations does 
not require the theory of this paper. We will show, however, that it can be considered in terms of the theory of 
this paper without much difficulty using an approach proposed in [2]. 

Example 20 The stochastic porous media equation is 

Ut — A (^u \u\^ = /, u (0) — uq, u — on dU 

where here U is a bounded open set in R" , n < 3 having Lipschitz boundary. One can consider a stochastic version 
of this as a solution to the following integral equation 

u(t)-UQ + i-A) [u lur^^) ds = <^dW (80) 

where here $ G L2 ([0,r] X n,C2 {Q^I'^U,H)), H ^L^ {U) and the equation holds m the manner described above 
in H^^ {U) . Assume p > 2. 

One can consider this as an implicit integral equation of the form 

(-A)"' u {t) - i-A)-^ U0+ f u \u\^-^ ds = (-A)"' f <^dW (81) 

Jo Jo 

where —A is the Riesz map of Hq (U) to H^^ ([/). Then we can also consider (—A) ^ as a map from (U) to 
([/) as follows. 

(—A) ^ f ~ u where — Am = /, it = on dU. 

Thus we let W = (U) and V = LP [U) . Let B = (-A)"^ on ([/) as just described. Let A{u) ^ u 
Then clearly there exists a Hilbert space E dense in V which has the property that A : E ^ E' is locally Lipschitz. 
Just pick E = (U) for example. By the Sobolev embedding theorem, (U) embeds continuously into C (U). 
Furthermore, the function F (x) = x \x\^~'^ is differentiable as a map from R to K. Thus for u,v € E, 

F{u + v)=F{u)+ F' {u)v + o (v) 

U w e E, then if || 

'^\\h^{u) small enough, it follows that ll^llp^^/^ is also small enough that 
\{o{v),w}\ < e <£\\w\\h^ 

which shows that this function is differentiable as a map from E to E' . Similarly, the derivative is continuous. 
Hence it is locally Lipschitz as a map from E to E' . Thus A : E ^ E' is locally Lipschitz on E. It is obvious 
that the necessary coercivity condition holds. In addition, there is a monotonicity condition which holds. In fact, 
A is monotone and hemicontinuous so it also is type M. Therefore, if uq G (U)) and J-q measurable. 

Corollary \W\ applies and we can conclude that there exists a unique solution to the integral equation |ST] in the 
sense described there. Here u G {[0,T] x il,LP{U)) and is progressively measurable, the integral equation 
holding for all t for a.e.Lu. Since A satisfies for some 5 > an inequality of the form 

{Au - Av,u-v) > 6 \\u - t;||^p([;) , 

it follows easily from the above methods that the solution is also unique. 

Next we give a simple example which is a singular and degenerate equation. 

Example 21 Suppose U is a bounded open set in and b (x) > 0, b £ (U) , p > 4: for simplicity. Consider 
the degenerate stochastic initial boundary value problem 

b{-)u{t,-) ~b{-)uQ{-) ~ V ■ (^\\7uf~^Vuj = bJ^^dW 

u = on dU 

where $ G ([o, T] x VL, C2 {Q^'^U, W)) for W = {U) . 
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To consider this equation and initial condition, it suffices to let W — Hq (U) ,V — Wq'^ (U) . 

A : V^V', {Au,v)^ / \\7uf^^Vu-\7vdx, 

Ju 

B : W ^W', {Bu, v) = / b{x)u (x) v (x) dx 



u 



Then by the Sobolev embedding theorem, B is obviously self adjoint, bounded and nonnegative. This follows 
from a short computation: 



u 



b {x) u (x) V {x) dx 



<lkllLnr/) {^j^\b{x)t"\u{x)f^dx 



= M\hI{u) \\Hl^{u) \W\\l^(u) ^ 1|6||^4 Ikllffi 



3/4 



3/4 



The nonlinear operator is obviously monotone and hemicontinuous, so it is pseudomonotonc. The technical 
requirement that the operator A be locally Lipschitz on some Hilbert space E which is dense in V and embeds 
continuously into V is easily satisfied by taking E — ([/) for 2m > 3 then using the Sobolev embedding 

theorem, similar to the above example. As for uq, it is only necessary to assume uq G {fl,W) and J-q 
measurable. Then Corollary [19] gives the existence of a solution. Note that b can be unbounded and may also 
vanish. Thus the equation can degenerate to the case of a non stochastic nonlinear elliptic equation. 

The existence theorems can easily be extended to include the situation where $ is replaced with a function 
of the unknown function u. This is done by splitting the time interval into small sub intervals of length h and 
retarding the function in the stochastic integral, like a standard proof of the Peano existence theorem. Then the 
Ito formula is applied to obtain estimates and a limit is taken. However, this will be done later. 
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